Equation of motion for relativistic compact binaries with the strong
  field point particle limit: Third post-Newtonian order by Itoh, Yousuke
ar
X
iv
:g
r-q
c/
03
10
02
9v
2 
 1
2 
Fe
b 
20
04
Equation of motion for relativistic compact binaries with the strong field point
particle limit: Third post-Newtonian order
Yousuke Itoh∗
Max-Planck-Institut fu¨r Gravitationsphysik, Albert-Einstein-Institut
Am Mu¨hlenberg 1, Golm 14476, Germany
An equation of motion for relativistic compact binaries is derived through the third post-
Newtonian (3PN) approximation of general relativity. The strong field point particle limit and
multipole expansion of the stars are used to solve iteratively the harmonically relaxed Einstein
equations. We take into account the Lorentz contraction on the multipole moments defined in our
previous works. We then derive a 3PN acceleration of the binary orbital motion of the two spherical
compact stars based on a surface integral approach which is a direct consequence of local energy
momentum conservation. Our resulting equation of motion admits a conserved energy (neglecting
the 2.5PN radiation reaction effect), is Lorentz invariant, and is unambiguous: there exist no un-
determined parameters reported in the previous works. We shall show that our 3PN equation of
motion agrees physically with the Blanchet and Faye 3PN equation of motion if λ = −1987/3080,
where λ is the parameter which is undetermined within their framework. This value of λ is consis-
tent with the result of Damour, Jaranowski, and Scha¨fer, who first completed a 3PN iteration of
the ADM Hamiltonian in the ADMTT gauge using dimensional regularization.
PACS Number(s): 04.25.Nx
I. INTRODUCTION
Tremendous effort has been made for direct detection of gravitational waves. Interferometric gravitational wave
detectors such as GEO600 [1], the Laser Interferometric Gravitational Wave Observatory(LIGO) [2], and TAMA300
[3] have been operating successfully. They have been actively investigating the data and reported results [4–9].
One promising source of gravitational waves for those detectors is a relativistic compact binary system in an
inspiraling phase. The detectability and quality of measurements of astrophysical information of such gravitational
wave sources rely on the accuracy of our theoretical knowledge about the waveforms. A high-order, say, third- or
fourth-order, post-Newtonian equation of motion for an inspiraling compact binary is one of the necessary ingredients
to construct and study such waveforms [10–13].
In addition to the purpose of making accurate enough templates, the high-order post-Newtonian approximation
for an inspiraling compact binary is a fruitful tool, for example, to construct astrophysically realistic initial data for
numerical simulations [14–17] and to estimate innermost circular orbits [18,19].
The post-Newtonian (PN) equation of motion for relativistic compact binaries, a fundamental tool employed for
the above purposes, has been derived by various authors (see reviews, e.g., [20–22]). The equation of motion for
a two point-masses binary in a harmonic coordinate up to 2.5PN order, at which the radiation reaction effect first
appears, was derived by Damour and Deruelle [23,24] based on the post-Minkowskian approach [25]. These works used
Dirac delta distributions to express the point-masses mathematically, therefore they inevitably resorted to a purely
mathematical regularization procedure to deal with divergences arising due to the nonlinearity of general relativity.
Damour [20] gave a physical argument known as the “dominant Schwarzschild condition” which supports the use of
Dirac delta distributions and their regularization up to 2.5PN order.
Direct validations of the Damour and Deruelle 2.5PN equation of motion have been obtained by several works
[26–30]. Grishchuk and Kopeikin [26] and Kopeikin [27] worked on extended bodies with weak internal gravity.
On the other hand, the present author, Futamase, and Asada derived the 2.5PN equation of motion [29] using the
surface integral approach [31] and the strong field point-particle limit [32]. All the works quoted above agree with
each other. Namely, our work [29] shows the applicability of the Damour and Deruelle 2.5PN equation of motion
to a relativistic compact binary consisting of regular stars with strong internal gravity. We mention here that stars
consisting of relativistic compact binaries, for which we are searching as gravitational wave sources, have strong
internal gravitational field, and that it is a nontrivial question whether a star follows the same orbit regardless of the
strength of its internal gravity.
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A 3PN iteration was first reported by Jaranowski and Scha¨fer [33]. There a 3PN Arnowitt-Deser-Misner (ADM)
Hamiltonian in the ADM Transverse Traceless (ADMTT) gauge for two point-masses expressed as two Dirac delta
distributions was derived based on the ADM canonical approach [34,35]. However, it was found in [33] that the
regularizations they had used caused one coefficient ωkinetic undetermined in their framework. Moreover, they later
found another undetermined coefficient in their Hamiltonian, called ωstatic [36]. Origins of these two coefficients
were attributed to some unsatisfactory features of regularizations they had used, such as violation of Leibniz’s rule.
The former coefficient was then fixed as ωkinetic = 41/24 by a posteriori imposing Poincare´ invariance on their 3PN
Hamiltonian [37]. As for the latter coefficient, Damour et al. [38] succeeded in fixing it as ωstatic = 0, adopting
dimensional regularization. Moreover, with this method they found the same value of ωkinetic as in [37], which ensures
Lorentz invariance of their Hamiltonian.
On the other hand, Blanchet and Faye have succeeded in deriving a 3PN equation of motion for two point-masses
expressed as two Dirac delta distributions in a harmonic coordinate [39,40] based on their previous work [28]. In
this approach, they have assumed that two point-masses follow regularized geodesic equations (more precisely, they
have assumed that the dynamics of two point-masses is described by a regularized action, from which the regularized
geodesic equations were shown to be derived). The divergences due to their use of Dirac delta distributions were
systematically regularized with the help of generalized Hadamard’s partie finie regularization, which they have devised
[41] and carefully elaborated [42] so that it respects Lorentz invariance. They found, however, that there exists one
and only one undetermined coefficient (which they call λ). (But see [43] for the recent achievement of Blanchet and
his collaborators.)
Interestingly, the two groups independently constructed a transformation between the two gauges and found that
these two results coincide with each other when there exists a relationship [44,45]
ωstatic = −11
3
λ− 1987
840
. (1.1)
Therefore, it is possible to fix the λ parameter from the result of [38]. However, applicability of mathematical
regularizations to the current problem is not a trivial issue, but an assumption to be verified, or at least supported
by convincing arguments. There is no argument such as the “dominant Schwarzschild condition” at the 3PN order.
Thus, it seems crucial to achieve unambiguous 3PN iteration without introducing singular sources and to support (or
give counterevidence against) the result of [38].
In this paper, we derive a third post-Newtonian equation of motion in a harmonic coordinate applicable to inspiraling
binaries consisting of regular spherically symmetric compact stars with strong internal gravity, using yet another
method which is based on our previous papers ( [46] and [29], referred to as paper I and paper II, respectively,
henceforth). Namely, to treat strong internal gravity of the stars, we have used the strong field point-particle limit
and surface integral approach. This point-particle limit enables us to incorporate a notion of a self-gravitating point
particle into general relativity without introducing singular sources.
In [47], we made a short report on our results. In this paper, we shall present the full explanation of our method
and show our results.
The organization of this paper is as follows. In Secs. II and III, we briefly explain the basics of our method (see
papers I and II for more details). After a short explanation on the structure of the 3PN equation of motion, we then
compute the 3PN gravitational field required to derive the 3PN mass-energy relation from Secs. IV to VI. The 3PN
mass-energy relation and the 3PN momentum-velocity relation are then derived in Secs. VII and VIII. Section IX
describes how we evaluate the 3PN gravitational field necessary to derive a 3PN equation of motion. In these sections,
we write down the formulas we have used and show several examples of our computations only, since the intermediate
results are generally too lengthy to write down. We then show a 3PN equation of motion we obtained in Secs. X and
XI and we shall compare it with the Blanchet and Faye 3PN equation of motion in Sec. XII 1. There, we found that
our result is physically consistent with their result with λ = −1987/3080. Section XII 2 is devoted to a summary of
our formalism and discussion. Some useful formulas and supplementary computations are shown in Appendixes.
Throughout, we use units where c = 1 = G. A tensor having alphabetical indexes, such as xi or ~x, denotes a
Euclidean three-vector. We raise or lower its indexes with a Kronecker delta. An object having Greek indexes, such
as xµ, is a four-vector. Its indexes are raised or lowered by a flat Minkowskian metric.
II. STRONG FIELD POINT-PARTICLE LIMIT AND SCALINGS
In this section, we briefly review the strong field point-particle limit and associated scalings of the matter on the
initial hypersurface. See [29,32,46,48–52] for more details.
We first introduce a nondimensional small parameter ǫ which represents slowness of a star’s typical orbital velocity
v˜iorb and thus which is a post-Newtonian expansion parameter,
2
v˜iorb ≡
dxi
dt
≡ ǫdx
i
dτ
,
where we set vi ≡ dxi/dτ of order unity. We call τ the Newtonian dynamical time [32]. τ is a natural dynamical time
scale of the orbital motion [32,49].
Then the post-Newtonian scaling implies that the typical scale of the mass of the star scales as ǫ2.
Henceforth, we call the (τ, xi) coordinate the near zone coordinate.
A. Strong field point-particle limit
One would think that a point-particle limit may be achieved by setting the radius of the star to zero. In general
relativity, however, by this procedure the star cannot become a “point-particle”, rather it becomes an extended body
(black hole) whose radius is of order of its gravitational radius. One solution to avoid this conceptual problem was
proposed by Futamase [32]. Following Futamase, we achieve a point-particle limit by letting the radius of the star
shrink at the same rate as the mass of the star. This limit is nicely fit into the post-Newtonian approximation, since
from the post-Newtonian scaling of the mass (O(ǫ2)), the radius of the star is O(ǫ2)→ 0 as we take the post-Newtonian
limit (ǫ → 0). This point-particle has finite internal gravity since a typical scale of the self-gravitational field of the
star, the mass over the radius, is finite. Thus we call this limit the strong field point-particle limit.
B. Surface integral approach and body zone
We construct a sphere for each star, called the body zone BA for the star A (A = 1, 2) [32], which surrounds each
star and does not overlap the other. More specifically, the scalings of the radius and the mass of the star motivate us
to introduce the body zone of the star A, BA ≡ {xi||~x − ~zA(τ)| < ǫRA} and a body zone coordinate of the star A,
α
i
A ≡ ǫ−2(xi − ziA(τ)). Here ziA(τ) is a representative point of the star A, e.g., the center of mass of the star A. RA,
called the body zone radius, is an arbitrary length scale (much smaller than the orbital separation while ǫRA is larger
than the radius of the star for any ǫ) and constant (i.e., dRA/dτ = 0). Using the body zone coordinate, the star does
not shrink when ǫ → 0, while the boundary of the body zone goes to infinity. Thus, it is appropriate to define the
star’s characteristic quantities such as a mass using the body zone coordinate.
On the other hand, the body zone serves us as a surface ∂BA, through which gravitational energy momentum flux
flows and in turn it amounts to gravitational force exerting on the star A. Since the body zone boundary ∂BA is
far away from the surface of the star A, we can evaluate explicitly the gravitational energy momentum flux on ∂BA
with the post-Newtonian gravitational field. After computing the surface integrals, we make the body zone shrink to
derive the equation of motion for the compact star.
Effects of the internal structures of the compact stars may be coded in, e.g., multipole moments of the stars. These
moments in turn appear in the gravitational energy momentum flux in the surface integral approach and affect the
orbital motion.
C. Scalings on initial hypersurface
Following the works [50–52], we take the initial value formulation to solve Einstein equations. As the initial data
for matter variables and gravitational field, we take a set of nearly stationary solutions of the exact Einstein equations
representing two widely separated fluid balls. We assume that these solutions are parametrized by ǫ and the matter
and the field variables have the following scalings on the initial hypersurface.
The matter density scales as ǫ−4 (in the (t, xi) coordinate), implied by the scalings of the mass and the radius of
the star. The internal time scale of the star is assumed to be comparable to that of the binary orbital motion. We
assume that the star is pressure-supported.
From these initial data we have the following scalings of the star A’s stress energy tensor components in the body
zone coordinate, T µνA : T
ττ
A = O(ǫ
−2), T
τi
A = O(ǫ
−4), T
ij
A = O(ǫ
−8) on the initial hypersurface. Here the underlined
indexes mean that for any tensor Si, Si = ǫ−2Si. In paper I, we regard the star A’s body zone coordinate as a
Fermi normal coordinate of the star and we have transformed T µνN , the components of the stress energy tensor of the
matter in the near zone coordinate, to T µνA using a transformation from the near zone coordinate to the Fermi normal
coordinate at 1PN order. It is difficult, however, to construct the Fermi normal coordinate at a high post-Newtonian
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order. Therefore, we shall not use it. We simply assume that for T µνN (or rather for Λ
µν
N , the source term of the
harmonically relaxed Einstein equations), T ττN = O(ǫ
−2), T
τi
N = O(ǫ
−4), and T
ij
N = O(ǫ
−8), as their leading scalings.
As for the field variables on the initial hypersurface, we simply make a reasonable assumption that the field is of
2.5PN order except for the field determined by the constraint equations. If we take random initial data for the field
[50] supposed to be of 1PN order, they are irrelevant to the dynamics of the binary system up to the radiation reaction
order [52]. Thus, we expect that the 2.5PN order free data of the gravitational field on the initial hypersurface do not
affect the orbital motion up to 3PN order.
III. FORMULATION
A. Field equation
As discussed in the previous section, we shall express our equation of motion in terms of surface integrals over
the body zone boundary where it is assumed that the metric slightly deviates from the flat (auxiliary) metric ηµν =
diag(−ǫ2, 1, 1, 1) (in the near zone coordinate (τ, xi)). We define a deviation field hµν as
hµν ≡ ηµν −√−ggµν , (3.1)
where g is the determinant of the metric. Indexes of hµν are raised or lowered by the flat metric.
Now we impose a harmonic coordinate condition on the metric hµν,ν = 0, where the comma denotes a partial
derivative. In the harmonic gauge, we can recast Einstein equations into a relaxed form,
✷hµν = −16πΛµν, (3.2)
where ✷ = ηµν∂µ∂ν is the flat d’Alembertian and
Λµν ≡ Θµν + χµναβ,αβ , (3.3)
Θµν ≡ (−g)(T µν + tµνLL), (3.4)
χµναβ ≡ 1
16π
(hανhβµ − hαβhµν). (3.5)
Here, T µν and tµνLL denote the stress-energy tensor of the stars and the Landau-Lifshitz pseudotensor [53]. In consis-
tency with the harmonic condition, a local energy momentum conservation law is expressed as
Λµν ,ν = 0. (3.6)
Note that χµναβ,αβ itself is divergence-free.
Now we rewrite the relaxed Einstein equations into an integral form,
hµν(τ, xi) = 4
∫
C(τ,xk)
d3y
Λµν(τ − ǫ|~x− ~y|, yk; ǫ)
|~x− ~y| + h
µν
H (τ, x
i), (3.7)
where C(τ, xk) means the past light cone emanating from the event (τ, xk). C(τ, xk) is truncated on the τ = 0 initial
hypersurface. hµνH is a homogeneous solution of a homogeneous wave equation in flat spacetime. In this paper, we
shall adopt the no-incoming radiation condition (see, e.g., [54]) by taking sufficiently large τ , i.e., hµνH = 0.
We solve the Einstein equations as follows. First we split the integration region into two zones: the near zone and
the far zone.
The near zone is the neighborhood of the gravitational wave source where the wave character of the gravitational
radiation is not manifest. In this paper, we define the near zone as a sphere centered at some fixed point, enclosing
both of the stars, and having a radius R/ǫ, where R is arbitrary but larger than the binary separation and the
gravitational wavelength. The scaling of the near zone radius is derived from the ǫ dependence of the wavelength of
the gravitational radiation emitted by the binary due to its orbital motion. The center of the near zone sphere would
be determined, if necessary, for example, to be the center of mass of the near zone. The outside of the near zone is
the far zone where the retardation effect of the field is crucial.
We evaluated the integrals over the far zone which contribute to the near zone field where the stars reside using the
direct integration of the relaxed Einstein equations (DIRE) method, which was initiated by Will and his collaborators
[30,55,56]. DIRE directly and nicely fits into our formalism since it utilizes the relaxed Einstein equations in the
4
harmonic gauge. Although we do not show our explicit computation in this paper, we have followed the DIRE
method and checked that the far zone contribution does not affect the equation of motion through 3PN order. In
fact, Blanchet and Damour [57], and later Pati and Will [56], showed that the far zone contribution to the near zone
field affects (physically) the orbital motion starting at 4PN order. Henceforth we shall focus our attention on the near
zone contribution to the near zone field,
hµν(τ, xi) = 4
∫
N
d3y
ΛµνN (τ − ǫ|~x− ~y|, yk; ǫ)
|~x− ~y| , (3.8)
where N denotes the near zone and we attach the subscript N to Λµν to clarify that they are quantities in the near
zone.
B. Near zone contribution
For the near zone contribution, we first make retardation expansion and change the integral region to a τ = const
spatial hypersurface
hµν = 4
∑
n=0
(−ǫ)n
n!
(
∂
∂τ
)n ∫
N
d3y|~x− ~y|n−1ΛµνN (τ, yk; ǫ). (3.9)
Note that the above integral depends on the arbitrary length R in general. The cancellation between the R-dependent
terms in the far zone contribution and those in the near zone contribution was shown by Pati and Will [56] through
sufficient post-Newtonian order. Moreover, the findings in [56,57] make us expect that we can remove R-dependent
terms via a suitable gauge transformation and then take a formal limit of infinite R in an equation of motion up to
the 3PN level. With this expectation in mind, in the following we shall omit the terms with negative powers of R
(R−k; k > 0) which vanish in the R infinite limit, while we shall retain terms with positive powers of R (Rk; k > 0)
and logarithmic terms (lnR) and see as a good computational check that these R-dependent terms can be gauged
away from our final result. Another reason to keep logarithmic terms (lnR) is to make the arguments of all possible
logarithmic terms nondimensional.
Second we split the integral into two parts: contribution from the body zone B = B1 ∪ B2, and from elsewhere,
N/B. Schematically we evaluate the following two types of integrals (we omit the indexes):
h =
∑
n=0
(
hBn + hN/Bn
)
, (3.10)
hBn = 4
(−ǫ)n
n!
(
∂
∂τ
)n
ǫ6
∑
A=1,2
∫
BA
d3αA
f(τ, ~zA + ǫ
2~αA)
|~rA − ǫ2~αA|1−n , (3.11)
hN/Bn = 4
(−ǫ)n
n!
(
∂
∂τ
)n ∫
N/B
d3y
f(τ, ~y)
|~x− ~y|1−n , (3.12)
where ~rA ≡ ~x − ~zA and f(τ, xk) is some function. We shall deal with these two contributions successively in the
following.
1. Body zone contribution
As for the body zone contribution, we make a multipole expansion being concerned with the scaling of the integrand,
i.e., Λµν in the body zone. For example, the n = 0 terms in Eq. (3.9), hµνBn=0, give
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hττBn=0 = 4ǫ
4
∑
A=1,2
(
P τA
rA
+ ǫ2
DkAr
k
A
r3A
+ ǫ4
3I<kl>A r
k
Ar
l
A
2r5A
+ ǫ6
5I<klm>A r
k
Ar
l
Ar
m
A
2r7A
)
+O(ǫ12), (3.13)
hτiBn=0 = 4ǫ
4
∑
A=1,2
(
P iA
rA
+ ǫ2
JkiA r
k
A
r3A
+ ǫ4
3J<kl>iA r
k
Ar
l
A
2r5A
)
+O(ǫ10), (3.14)
hijBn=0 = 4ǫ
2
∑
A=1,2
(
ZijA
rA
+ ǫ2
ZkijA r
k
A
r3A
+ ǫ4
3Z<kl>ijA r
k
Ar
l
A
2r5A
+ ǫ6
5Z<klm>ijA r
k
Ar
l
Ar
m
A
2r7A
)
+O(ǫ10), (3.15)
where rA ≡ |~rA|. The quantity with <> denotes symmetric and trace-free (STF) on the indexes between the brackets.
To derive the 3PN equation of motion, we need hττ up to O(ǫ10) and hτi and hij up to O(ǫ8).
In the above equations we defined multipole moments of the star A as
IKlA ≡ ǫ2
∫
BA
d3αAΛ
ττ
N α
Kl
A , (3.16)
JKliA ≡ ǫ4
∫
BA
d3αAΛ
τi
Nα
Kl
A , (3.17)
ZKlijA ≡ ǫ8
∫
BA
d3αAΛ
ij
Nα
Kl
A , (3.18)
where the capital index denotes a set of collective indexes, Il ≡ i1i2 · · · il and αIlA ≡ α
i1
Aα
i2
A · · · α
il
A. Then P
τ
A ≡ II0A ,
Di1A ≡ II1A , and P i1A ≡ JI1A . We simply call PµA the four-momentum of the star A, P iA the (three-)momentum, and P τA
the energy. Also we call DiA the dipole moment and I
ij
A the quadrupole moment.
Then we transform these moments into more convenient forms using the conservation law Eq. (3.6). In the following,
viA ≡ z˙iA, an overdot denotes τ time derivative, and ~yA ≡ ~y− ~zA. Noticing that the body zone remains unchanged (in
the near zone coordinate), i.e., R˙A = 0, we have
P iA = P
τ
Av
i
A +Q
i
A + ǫ
2 dD
i
A
dτ
, (3.19)
J ijA =
1
2
(
M ijA + ǫ
2 dI
ij
A
dτ
)
+ v
(i
AD
j)
A +
1
2
ǫ−2QijA , (3.20)
ZijA = ǫ
2P τAv
i
Av
j
A +
1
2
ǫ6
d2IijA
dτ2
+ 2ǫ4v
(i
A
dD
j)
A
dτ
+ ǫ4
dv
(i
A
dτ
D
j)
A
+ ǫ2Q
(i
Av
j)
A + ǫ
2R
(ij)
A +
1
2
ǫ2
dQijA
dτ
, (3.21)
ZkijA =
3
2
AkijA −A(ij)kA , (3.22)
where
M ijA ≡ 2ǫ4
∫
BA
d3αAα
[i
AΛ
j]τ
N , (3.23)
QKliA ≡ ǫ−4
∮
∂BA
dSm (Λ
τm
N − vmAΛττN ) yKlA yiA, (3.24)
RKlijA ≡ ǫ−4
∮
∂BA
dSm
(
ΛmjN − vmAΛτjN
)
yKlA y
i
A, (3.25)
and
AkijA ≡ ǫ2Jk(iA vj)A + ǫ2vkAJ (ij)A +Rk(ij)A + ǫ4
dJ
k(ij)
A
dτ
. (3.26)
6
[ ] and ( ) denote antisymmetrization and symmetrization on the indexes between the brackets. M ijA is the spin of the
star A and Eq. (3.19) gives a momentum-velocity relation. Thus our momentum-velocity relation is a direct analogue
of the Newtonian momentum-velocity relation. In general, we have1
JKliA = J
(Kli)
A +
2l
l + 1
J
(Kl−1[kl)i]
A , (3.27)
ZKlijA =
1
2
[
Z
(Kli)j
A +
2l
l + 1
Z
(Kl−1[kl)i]j
A + Z
(Klj)i
A +
2l
l + 1
Z
(Kl−1[kl)j]i
A
]
, (3.28)
and
J
(Kli)
A =
1
l + 1
ǫ2
dIKliA
dτ
+ v
(i
AI
Kl)
A +
1
l + 1
ǫ−2lQKliA , (3.29)
Z
(Kli)j
A + Z
(Klj)i
A = ǫ
2v
(i
AJ
Kl)j
A + ǫ
2v
(j
A J
Kl)i
A +
2
l + 1
ǫ4
dJ
Kl(ij)
A
dτ
+
2
l + 1
ǫ−2l+2R
Kl(ij)
A . (3.30)
The surface integrals QKliA and R
Klij
A will be computed in Appendix A and do contribute to the field and the equation
of motion starting at 3PN order.
2. N/B contribution
About the N/B contribution, since the integrand ΛµνN = −gtµνLL+χµναβ,αβ is at least quadratic in the small deviation
field hµν , we make the post-Newtonian expansion in the integrand. Then, basically, with the help of (super)potentials
g(~x) which satisfy ∆g(~x) = f(~x), ∆ denoting a Laplacian, we have for each integral (e.g., the n = 0 term in Eq.
(3.12)) ∫
N/B
d3y
f(~y)
|~x− ~y| = −4πg(~x) +
∮
∂(N/B)
dSk
[
1
|~x− ~y|
∂g(~y)
∂yk
− g(~y) ∂
∂yk
(
1
|~x− ~y|
)]
. (3.31)
We show a derivation of Eq. (3.31) in Appendix B. For n ≥ 1 terms in Eq. (3.12), we use (super)potentials many
times to convert all the volume integrals into surface integrals and the bulk terms (“−4πg(~x)”). 2
Finding the superpotentials is one of the most formidable tasks, especially when we proceed to a high post-Newtonian
order. Fortunately, up to 2.5PN order, all the required superpotentials are available [28,33]. At 3PN order, there
appear many integrands for which we could not find the required superpotentials. To obtain a 3PN equation of
motion, we use an alternative method. The details of the method will be explained later.
Finally, we note that hµν = O(ǫ4) as shown in paper II.
C. General form of the equation of motion
From the definition of the four-momentum,
PµA(τ) ≡ ǫ2
∫
BA
d3αAΛ
τµ
N , (3.32)
and the conservation law, Eq. (3.6), we have an evolution equation for the four-momentum,
dPµA
dτ
= −ǫ−4
∮
∂BA
dSkΛ
kµ
N + ǫ
−4vkA
∮
∂BA
dSkΛ
τµ
N . (3.33)
1The equation in paper II corresponding to Eq. (3.30) has a misprint, though it does not affect the 2.5PN equation of motion.
2Notice that when solving a Poisson equation ∆g(~x) = f(~x), a particular solution suffices for our purpose. By virtue of the
surface integral term in Eq. (3.31), it is not necessary to be concerned about a homogeneous solution of the Poisson equation.
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Here we used the fact that the size and the shape of the body zone are defined to be time-independent (in the near
zone coordinate), while the center of the body zone moves at the velocity of the star’s representative point.
Substituting the momentum-velocity relation, Eq. (3.19), into the spatial components of Eq. (3.33), we obtain the
general form of the equation of motion for the star A,
P τA
dviA
dτ
= −ǫ−4
∮
∂BA
dSkΛ
ki
N + ǫ
−4vkA
∮
∂BA
dSkΛ
τi
N
+ǫ−4viA
(∮
∂BA
dSkΛ
kτ
N − vkA
∮
∂BA
dSkΛ
ττ
N
)
−dQ
i
A
dτ
− ǫ2d
2DiA
dτ2
. (3.34)
All the right-hand side terms in Eq. (3.34) except for the dipole moment are expressed as surface integrals. We
can specify the value of DiA freely to determine the representative point z
i
A(τ) of the star A. For example, we may
call ziA(τ) corresponding to D
i
A = 0 the center of mass of the star A from an analogy of the Newtonian dynamics.
In Eq. (3.34), P τA rather than the mass of the star A appears. Hence we have to derive a relation between the mass
and P τA. We shall derive the relation by solving the temporal component of the evolution equation (3.33) functionally.
In fact, at lowest order, we have shown in paper II that
dP τA
dτ
= O(ǫ2). (3.35)
Then we define the mass of the star A as the integrating constant of this equation,
mA ≡ lim
ǫ→0
P τA. (3.36)
mA is the ADM mass that the star A would have if it were isolated. We took the ǫ zero limit in Eq. (3.36) to ensure
that the mass defined above does not include the effect of the companion star and the orbital motion of the star itself.
Some subtleties about this definition are discussed in paper II. By definition, mA is constant. The procedure that we
use to solve the evolution equation of P τA and obtain the mass energy relation is achieved up to 3PN order successfully
and the result will be shown later.
Since the general form of the equation of motion is expressed in terms of surface integrals over the body zone
boundary, we can derive an equation of motion for a strongly self-gravitating star using the post-Newtonian approx-
imation. Effects of the star’s internal structure on the orbital motion such as tidally induced multipole moments
appear through the field and hence the integrand ΛµνN of the surface integrals.
D. Lorentz contraction and multipole moments
In this paper, we are concerned with a binary consisting of two spherically symmetric compact stars. In other
words, all the multipole moments of the star defined in an appropriate reference coordinate where effects of its orbital
motion and the companion star are removed (modulo, namely, the tidal effect) vanish. We adopt the generalized
Fermi coordinate (GFC) [59] as a star’s reference coordinate for this purpose
Then a question specific to our formalism is whether the differences between the multipole moments defined in Eqs.
(3.16), (3.17), and (3.18) and the multipole moments in GFC give purely monopole terms. This problem is addressed
in Appendix C and the differences are mainly attributed to the shape of the body zone. The body zone BA which is
spherical in the near zone coordinate (NZC) is not spherical in the GFC mainly because of a kinematic effect (Lorentz
contraction). To derive a 3PN equation of motion, it is sufficient to compute the difference in the STF quadrupole
moment up to 1PN order. The result is
δI<ij>A ≡ I<ij>A,NZC − I<ij>A,GFC = −ǫ2
4m3A
5
v<iA v
j>
A +O(ǫ
3), (3.37)
where IijA,NZC ≡ IijA . IijA,GFC is the quadrupole moments defined in the generalized Fermi coordinate.
As is obvious from Eq. (3.37), this difference appears even if the companion star does not exist. We note that we
could derive the 3PN metric for an isolated star A moving at a constant velocity using our method explained in this
section by simply letting the mass of the companion star be zero. Actually, δI<ij>A above is a necessary term which
makes the so-obtained 3PN metric the same as the Schwarzschild metric boosted at the constant velocity ~vA in the
harmonic coordinate.
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E. On the arbitrary constant RA
Our final remark in this section is on the two arbitrary constants RA. Since we introduce the body zones by hand,
the arbitrary body zone radii RA seem to appear in the metric, the multipole moments of the stars, and the equation
of motion. As was discussed in detail in paper II, we proved that the surface integrals in Eq. (3.34) that we evaluate
to derive the equation of motion do not depend on RA through any order of the post-Newtonian iteration. As for the
field and the multipole moments appearing in the field (mass, spin, quadrupoles, etc.), we reasonably expect that the
RA-dependent terms in the body zone contribution h
µν
B and N/B contribution h
µν
N/B cancel each other out, since the
total field hµν = hµνB + h
µν
N/B is obviously independent of RA. In the cancellation, the multipole moments should be
“renormalized” so that those moments do not depend on RA. Such cancellation among RA-dependent terms and the
“renormalization” was demonstrated explicitly in paper I up to 1PN order.
Practically, the above observation enables us to discard safely all the ǫRA-dependent terms except for logarithms
of ǫRA. We retain ln ǫRA-dependent terms to nondimensionalize the arguments of the logarithms. Thus, instead of
performing renormalization of the multipole moments, we simply discard the ǫRA dependences other than the ln ǫRA
dependences. We emphasize here that we discard the ǫRA-dependent terms in the field first and then evaluate the
surface integrals in the general form of the equation of motion using the field which is independent of ǫRA. We then
discard the ǫRA-dependent terms arising in the computation of the surface integrals.
Appendix D is devoted to an explanation on the renormalization of the stars’ multipole moments. There, we also
give a justification for our procedure of discarding through our computation of the field all the ǫRA-dependent terms
other than the ln ǫRA-dependent terms.
IV. STRUCTURE OF THE 3PN EQUATION OF MOTION
In the following sections, we shall derive an acceleration for two spherical compact stars through third post-
Newtonian accuracy.
First, we split the four-momentum, the dipole moment, and the QiA integral into two parts, namely the Θ part and
the χ part.
PµAΘ ≡ ǫ2
∫
BA
d3αAΘ
µτ
N , (4.1)
PµAχ ≡ ǫ2
∫
BA
d3αAχ
µταβ
N ,αβ, (4.2)
DiAΘ ≡ ǫ2
∫
BA
d3αAα
i
AΘ
ττ
N , (4.3)
DiAχ ≡ ǫ2
∫
BA
d3αAα
i
Aχ
τταβ
N ,αβ , (4.4)
QiAΘ ≡ ǫ−4
∮
∂BA
dSk
(
ΘτkN − vkAΘττN
)
yiA, (4.5)
QiAχ ≡ ǫ−4
∮
∂BA
dSk
(
χτkαβN ,αβ − vkAχτταβN ,αβ
)
yiA. (4.6)
Correspondingly, we split the momentum-velocity relation Eq. (3.19) and the evolution equation for the four-
momentum Eq. (3.33) into the Θ part and the χ part.
Now, PµAχ and D
i
Aχ as well as Q
i
Aχ can be expressed completely as surface integrals, and can be computed explicitly
into functions of mA, ~vA, and ~r12. It is straightforward to compute them up to 3PN order, since we only need the
2PN field to perform the surface integrals. The results are shown in Appendix E. There, we also compute the χ
part of the momentum-velocity relation and the evolution equation for PµAχ. Then comparing these equations with
PµAχ, D
i
Aχ, and Q
i
Aχ, we found that the χ part of these equations is an identity up to 3PN order. This observation
then means that the nontrivial momentum-velocity relation and the mass-energy relation, an equation of motion, are
obtained from the Θ part of Eqs. (3.19) and (3.33).
Therefore, the equations that we have to evaluate to derive an evolution equation for the energy and an equation
of motion are actually
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(
dP τ1Θ
dτ
)
≤3PN
=
(
dP τ1Θ
dτ
)
≤2.5PN
+ ǫ6
[
−
∮
∂B1
dSk10Θ
τk
N + v
k
1
∮
∂B1
dSk10Θ
ττ
N
]
, (4.7)
m1
(
dvi1
dτ
)
≤3PN
= m1
(
dvi1
dτ
)
≤2.5PN
+ ǫ6
[
−
∮
∂B1
dSk10Θ
ki
N + v
k
1
∮
∂B1
dSk10Θ
τi
N
]
+ǫ6
(
dP τ1Θ
dτ
)
3PN
vi1 + ǫ
6
(
(m1 − P τ1Θ)
dvi1
dτ
)
3PN
−ǫ6 d6Q
i
1Θ
dτ
− ǫ6d
2
4D
i
1Θ
dτ2
, (4.8)
where for an equation or a quantity f , (f)≤nPN and (f)nPN denote f up to nPN order and f at nPN order, respectively.
≤nf and nf , on the other hand, denote an equation or a quantity f up to O(ǫ
n) and at O(ǫn). In paper II, we found
QiAΘ = O(ǫ
6). For later convenience, in Eq. (4.8) we retain DiAΘ of order ǫ
4, which appears at a 3PN equation
of motion (in other words, we set ≤3D
i
AΘ = 0). It should be understood that in the second line of Eq. (4.8), the
acceleration dvi1/dτ should be replaced by the acceleration of an appropriate order lower than 2.5PN. We note that
the χ parts of QKliA and R
Klij
A integrals and the multipole moments including P
µ
Aχ and D
i
Aχ affect an equation of
motion through the field and hence the integrands of Eqs. (4.7) and (4.8). Henceforth, we call Eq. (4.8) the general
form of the 3PN equation of motion.
The explicit forms of the integrands 10Θ
µν
N = 10[(−g)tµνLL] (on ∂BA) are (see Appendix F),
16π10Θ
ττ
N = −
7
4
4h
ττ
,k8h
ττ,k + · · · , (4.9)
16π10Θ
τi
N = 24h
ττ
,k8h
τ [k,i] + · · · , (4.10)
16π10Θ
ij
N =
1
4
(δikδ
j
l + δ
i
lδ
j
k − δijδkl)
{
4h
ττ,k(10h
ττ,l + 8h
m
m
,l + 48h
τl
,τ ) + 84h
τ
m
,k
8h
τ [l,m]
}
+ 24h
τi
,k8h
τ [k,j] + 24h
τj
,k8h
τ [k,i] + · · · . (4.11)
The fields up to 2.5PN order, ≤9h
ττ , ≤7h
τi, and ≤7h
ij , are listed in paper II. Thus, to derive the 3PN mass-energy
relation and the 3PN momentum-velocity relation, we have to derive 8h
τi. To derive the 3PN equation of motion, we
further need 10h
ττ + 8h
k
k.
Up to 2.5PN order, the superpotentials required to compute the field could be found [28,33]. However, at 3PN
order, it is quite difficult to complete the required superpotentials. We take another method to overcome this problem.
We shall explain our method in detail in Secs. V and IX. Below, we begin our calculation by deriving 8h
τi and check
(a part of) the 3PN harmonic condition ≤8h
τµ
,µ = 0.
V. 8H
τI : N/B INTEGRALS
In this section, we derive 8h
τi,
≤8h
τi = ≤8h
τi
B + 4ǫ
8
∫
N/B
d3y8Λ
τi
N
|~x− ~y| + 2ǫ
8 ∂
2
∂τ2
[∫
N/B
d3y|~x− ~y|6ΛτiN
]
, (5.1)
where ≤8h
τi
B is the body zone contribution up to O(ǫ
8) and shown in Appendix A as Eq. (A9). The QkliA integral
contained in ≤8h
τi
B is found in Appendix A to vanish. We are concerned with the equation of motion for two spherical
compact stars and we shall only retain monopole terms in ≤8h
τi
B .
The second time derivative term in the retardation expansion (the last term in Eq. (5.1)) can be integrated explicitly
via super-superpotentials (i.e., a particular solution of the Poisson equation with a superpotential as a source). The
result is ∫
N/B
d3y|~x− ~y|6ΛτiN =
11P τ1 P
i
1
3
ln
(
r1
R/ǫ
)
+
11P τ1 P
i
1
6
− P
τ
1 P
k
1
12
n<ik>1 +
11P τ1 P
i
2
6
+8P τ1 P
k
2
(
δik∆12 − ∂zk1 ∂zi2 +
3
4
∂zi1∂zk2
)
f (lnS)
−11P
τ
1 P
i
2
3
ln
(
2R
ǫ
)
+ (1↔ 2), (5.2)
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where ∆AA′ ≡ δij∂zi
A
∂zj
A′
and ∂zi
A
= ∂/∂ziA. The symbol (1 ↔ 2) denotes the same terms but with the star’s label
1 exchanged for 2. f (lnS) is a superpotential satisfying ∆f (lnS) = lnS, where S ≡ r1 + r2 + r12, and its explicit
expression is given in [33] as
f (lnS) =
1
36
(−r21 + 3r1r12 + r212 − 3r1r2 + 3r12r2 − r22) +
1
12
(r21 − r212 + r22) lnS. (5.3)
Now let us devote ourselves to an evaluation of the Poisson integral with the integrand 8Λ
τi
N . For this integrand,
8Λ
τi
N , it is difficult to find all the required superpotentials. We proceed as follows. First, we split the integrand 8Λ
τi
N
into two groups, one whose members depend on the negative power or logarithms of S or both, and the other whose
members do not.
The S-dependent integrands are
S− dependent parts of {−4hkl,i4hτ k,l + 24hi(k,l)4hτ k,l + 4hik,τ 4hττ ,k + 24hττ ,k6hτ [k,i]}.
For the remaining integrands in 8Λ
τi
N , we found all the required superpotentials except for essentially two Poisson
equations whose source terms are 1/r21/r2 and (ln r1)/r
3
2 . Then in the following, we split the integrands into three
groups:
(a) Direct-integration part = S-dependent group:
the integrands which depend on inverse powers of S (Sk, k : negative integer), or have logarithms of S (lnS), or
both.
(b) Superpotential part:
the integrands which do not depend on inverse powers of S, nor have logarithms of S, and for which the required
superpotentials are available,
(c) Superpotential-in-series part:
the integrands which do not depend on inverse powers of S, nor have logarithms of S, and for which the required
superpotentials are unavailable.
We mention here that splitting the integrands into the S-dependent and the S-independent group is a rather rough
technique; there may be some terms in the S-dependent group for which we could find superpotentials. We have made
such a classification since for the S-dependent group it seemed difficult to find superpotentials.
For example, let us take −4hkl,i4hτ k,l. Then[−4hkl,i4hτ k,l]DIP ≡ direct− integration part of {−4hkl,i4hτ k,l}
=
8m21m2
r21S
vi1
(
− 2
r1r12
+
2
r1r2
+
1
r12r2
− r12
r21r2
+
r2
r21r12
)
+
16m21m2
r1S2
ni1
(
− 1
r1r2
(~n1 · ~v1) +
(
− 1
r212
− 2
r1r12
− 2
r21
− r12
r21r2
+
2r2
r21r12
+
r22
r21r
2
12
)
(~n12 · ~v1)
+
(
r2
r21r12
− 1
r21
− 1
r1r12
)
(~n2 · ~v1)
)
+
16m21m2
S2
ni2
(
− 1
r31
+
1
r312
+
2
r1r212
+
1
r21r12
− 2r2
r21r
2
12
− r2
r31r12
− r
2
2
r21r
3
12
)
(~n1 · ~v1)
+
16m21m2
S2
ni2
(
− 2
r31
− 1
r21r2
− r12
r31r2
− r2
r1r312
− 2r2
r21r
2
12
+
2r22
r31r
2
12
+
r32
r31r
3
12
)
(~n2 · ~v1)
+(1↔ 2), (5.4)
[−4hkl,i4hτ k,l]SP ≡ superpotential part of {−4hkl,i4hτ k,l}
=
4m31
r51
(
vi1 − 3(~n1 · ~v1)ni1
)− 16m21v21
r41
(~n1 · ~v1)ni1
+
2m21m2
r21
(
4r212
r21r
3
2
(~n1 · ~v2)ni1 +
(
1
r22
− r
2
12
r21r
2
2
+
1
r21
)
vi2
r2
)
− 16m1m2(~n2 · ~v1)(~v1 · ~v2)
r21r
2
2
ni1
+(1↔ 2), (5.5)
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[−4hkl,i4hτ k,l]SSP ≡ superpotential− in− series part of {−4hkl,i4hτ k,l}
=
4m21m2
r21
(
− 2
r32
(~n1 · ~v2)ni1 −
2
r21r2
(~n1 · ~v2)ni1 +
1
r1r22
(~n1 · ~v2)ni2
)
+(1↔ 2). (5.6)
Below, we first consider the superpotential part of 8Λ
τi
N .
A. Superpotential part
The integrands 8Λ
τi
N − (S− dependent parts of {−4hkl,i4hτ k,l+24hi(k,l)4hτ k,l+ 4hik,τ 4hττ ,k+24hττ ,k6hτ [k,i]}) can
be simplified into a form which is independent of S. For the so-obtained S-independent group, we have to find
particular solutions of Poisson equations whose source terms are,3{
1
r51
,
1
r41
,
1
r21
,
ri1r
j
1
r71
, ri1r
j
1,
ri1r
j
1
r61
,
ri1r
j
1
r41
,
ri1r
j
1
r21
,
ri1r
j
1r
k
1r
l
1
r81
,
1
r51r
4
2
,
1
r51r
2
2
,
1
r51r2
,
r2
r51
,
r32
r51
,
1
r41r
3
2
,
1
r41r2
,
r22
r41
,
1
r31r
3
2
,
1
r31r
2
2
,
1
r31r2
,
r2
r31
,
1
r1r2
,
ri1r
j
1
r61r
3
2
,
ri1r
j
1
r61r2
,
ri1r
j
1r
2
2
r61
,
ri1r
j
1
r51r
3
2
,
ri1r
j
1
r51r2
,
ri1r
j
1
r41r
3
2
,
ri1r
j
1r
2
2
r41
,
ri1r
j
1
r31r
3
2
,
ri1r
j
1
r31r2
,
ri1r
j
1r2
r31
,
ri1r
j
1
r22
,
ri1r
j
1
r1r2
,
ri1r
j
2
r41r
3
2
,
ri1r
j
2
r41
,
ri1r
j
2r
2
2
r41
,
ri1r
j
2
r31r
3
2
,
ri1r
j
2
r31r2
,
ri1r
j
2r2
r31
,
ri1r
j
2
r21
,
ri1r
j
2
r1r2
,
ri1r
j
1r
k
1r
l
2
r51r
3
2
}
. (5.7)
It should be understood that there are Poisson equations with the same sources but with (1↔ 2) to be solved.
Our method to derive the superpotentials is heuristic; there are few guidelines available to find the required super-
potentials. We proceed as follows. First, we convert all the tensorial sources into scalars with spatial derivatives. For
example,
ri1r
j
1r
k
1r
l
2
r51r
3
2
= −1
3
∂zi1∂zj1
∂zk1 ∂zl2
(
r1
r2
)
+
1
3
(δij∂zk1 + δ
ik∂zj1
+ δjk∂zi1)∂zl2
(
1
r1r2
)
. (5.8)
(Here and henceforth, it should be understood that in general, “scalars” can have tensorial indexes carried by ~vA and
~r12, but do not have those by ~rA.)
Second, we find the particular solutions for Poisson equations with the scalars as sources using a formula
∆(f(~x)g(~x)) = g(~x)∆f(~x) + 2~∇f(~x) · ~∇g(~x) + f(~x)∆g(~x) valid in N/B. We also use superpotential chains such
as
f (−3,−2)
∆11−→ 6f (−5,−2)
↓ ∆22 ↓ ∆22
2f (−3,−4)
∆11−→ 12f (−5,−4),
where
f (−3,−2) =
1
r1r212
ln
(
r2
r1
)
,
and f (m,n) satisfies ∆f (m,n) = rm1 r
n
2 . For example, for Eq. (5.8), it is easy to find a particular solution,
ri1r
j
1r
k
1r
l
2
r51r
3
2
= ∆
[
−1
3
∂4
∂zi1∂z
j
1∂z
k
1∂z
l
2
f (1,−1) +
1
3
(δij∂zk1 + δ
ik∂zj1
+ δjk∂zi1)∂zl2 lnS
]
,
3What particular solutions are required depends on how we simplify the integrands.
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where f (1,−1) is given in [33]. Another example is
1
r51r2
= ∆∆11∆22
1
12
f (−3,1).
Following the method described above, we could find all the required particular solutions other than{
ri1r
j
1
r61r2
,
ri1r
j
1
r41r
3
2
,
ri1r
j
2
r41r
3
2
}
.
In Appendix G, we list some of the particular solutions that we extensively used to derive the 3PN gravitational
field. Other useful superpotentials are given in [28,33,40]. The necessary particular solutions can be obtained by
taking derivatives of these superpotentials with respect to xi or zi1 or z
i
2 or some combinations of them.
For example, a Poisson integral of the superpotential part of −4hkl,i4hτ k,l (Eq. (5.5)) can be evaluated as follows.
We find in N/B [−4hkl,i4hτ k,l]SP
= ∆
[
4m31
(
1
15r31
vi1 +
1
5
vk1∂ik
ln r1
r1
)
− 2m21v21vk1
(
∂ik ln r1 +
δik
r21
)
+m21m2r
2
12v
k
2
(
∂2f (−2,−3)
∂zi1∂z
k
1
+
2
r212
δik
(
f (−2,−3) + f (−4,−1)
))
−16m1m2(~v1 · ~v2)vk1
∂2 lnS
∂zi1z
k
2
+ (1↔ 2)
]
≡ ∆SP (τ, ~x). (5.9)
Then the surface integral in Eq. (3.31) gives
1
−4π
∮
∂(N/B)
dSk
[
1
|~x− ~y|
∂
∂yk
SP (τ, ~y)− SP (τ, ~y) ∂
∂yk
(
1
|~x− ~y|
)]
=
4m31
5r31
vk1n
<ik>
1
(
23
5
− 3 ln ǫR1
)
− m
2
1m2
r212r2
(
vi2 + 2(~n12 · ~v2)ni12 + 8(~n12 · ~v2)ni12 ln
(
r12
ǫR2
))
+
16m21v
2
1v
i
1
3ǫR1r1
− 8m
2
1m2v
i
2
3ǫR1r1r12
+(1↔ 2). (5.10)
We shall ignore the last two terms in the second to last line of the above equation, 16m21v
2
1v
i
1/(3ǫR1r1) −
8m21m2v
i
2/(3ǫR1r1r12) (and the same terms with the label of the star exchanged, hidden in (1 ↔ 2)), because they
have negative powers of RA. We combine the above results and evaluate the Poisson integral of
[−4hkl,i4hτ k,l]SP as∫
N/B
d3y
|~x− ~y|
[−4hkl,i4hτ k,l]SP
=
12m31
5r31
vk1n
<ik>
1
(
1
5
+ ln
(
r1
ǫR1
))
+
4m21
r21
v21
(
(~n1 · ~v1)ni1 − vi1
)
+m21m2
(
− 2
r21r2
(~n1 · ~v2)ni1 +
2
r1r12r2
(~n12 · ~v2)ni1 +
2
r1r12r2
(~n1 · ~v2)ni12
+
2
r212r2
(~n12 · ~v2)ni12
(
4 ln
(
r1
r2
)
− 4 ln
(
r12
ǫR2
)
− 1
)
+ vi2
(
1
r21r2
− 1
r212r2
+
r2
r21r
2
12
))
+
16m1m2
S
(~v1 · ~v2)
(
vi1
r12
+
ni1
S
((~n12 · ~v1) + (~n2 · ~v1))
+ ni12
(
− 1
S
(~n12 · ~v1)− 1
r12
(~n12 · ~v1)− 1
S
(~n2 · ~v1)
))
+ (1↔ 2). (5.11)
Notice that in the above equation there appear ln(ǫR1) and ln(ǫR2).
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In general, with the help of the superpotentials and using Eq. (3.31), we can integrate the superpotential part of
8Λ
τi
N . The explicit result is too long to write down here.
4
B. Superpotential-in-series part
We could not find particular solutions for the following sources;
ri1r
j
1
r61r2
=
1
8
∂zi1∂zj1
(
1
r21r2
)
+∆
[
1
4
δijf (−4,−1)
]
,
ri1r
j
1
r41r
3
2
= −1
2
∂zi1∂zj1
(
ln r1
r32
)
+∆
[
1
2
δijf (−2,−3)
]
,
ri1r
j
2
r41r
3
2
=
1
2
∂zi1∂zj2
(
1
r21r2
)
.
For these innocent looking sources, we did not find particular solutions valid throughout N/B in closed forms. Instead
we looked for those valid near the star, say the star 1; the field we need when we evaluate the evolution equation for
P τ1Θ and the equation of motion for the star 1 is the field around the star 1.
Now, all the integrands classified into the superpotential-in-series part at 3PN order are found to have the following
form (neglecting the mA, ~vA, and ~r12 dependence appearing in actual applications of the following formulas):
∂zi
A
∂zj
A′
g(~x) ≡ ∂zi
A
∂zj
A′
(
(ln r1)
p(ln r2)
q
ra1r
b
2
)
, (5.12)
where a and b are integers and p = 0, 1, q = 0, 1. A,A′ = 1, 2.
Then, we take spatial derivatives out of the Poisson integral,∫
N/B
d3y
|~x− ~y|∂ziA∂zjA′ g(~y) = ∂ziA∂zjA′
∫
N/B
d3y
g(~y)
|~x− ~y|
+ ∂zi
A
∮
∂BA′
dSj
g(~y)
|~x− ~y| +
∮
∂BA
dSi
∂zj
A′
g(~y)
|~x− ~y| . (5.13)
For the remaining volume integral, we change the integration variable ~y into ~y1, namely, ~y2 = ~r12+~y1. We also change
the integration region N/B into N1/B, where N1 ≡ {~y||~y − ~z1| ≤ R/ǫ},∫
N/B
d3y
g(~y)
|~x− ~y|
=
∫
N1/B
d3y1
g(~y1 + ~z1)
|~r1 − ~y1| − z
k
1
∮
∂N
dSk
g(~y)
|~x− ~y| −
1
2!
zk1z
l
1
∮
∂N
dSk∂yl
(
g(~y)
|~x− ~y|
)
− 1
3!
zk1z
l
1z
m
1
∮
∂N
dSk∂yl∂ym
(
g(~y)
|~x− ~y|
)
− 1
4!
zk1z
l
1z
m
1 z
n
1
∮
∂N
dSk∂yl∂ym∂yn
(
g(~y)
|~x− ~y|
)
+ · · ·, (5.14)
where ∂yi = ∂/∂y
i. The surface integrals and terms expressed as · · · arise due to the difference between N and N1.
See, e.g., [55]. Note that ~rA = ~x− ~zA, where ~x is the field point, while ~yA = ~y − ~zA, where ~y is the integral variable.
For the first volume integral on the right-hand side of the above equation, we expand |~r1 − ~y1| as
1
|~r1 − ~y1| =
∑
c=0
1
r>
(
r<
r>
)c
Pc
(
~r1 · ~y1
r1y1
)
, (5.15)
4The number of terms are ∼ 103, depending on how we simplify the result.
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where r> = max(r1, y1), r< = min(r1, y1), and Pc(x) is a Legendre function of order c.
Now we split the integration region into four parts according to where the radial variable y1 is as follows: region I,
y1 ∈ [ǫR1, r1]; region II, y1 ∈ [r1, r12−ǫR2]; region III, y1 ∈ [r12−ǫR2, r12+ǫR2]; and region IV, y1 ∈ [r12+ǫR2,R/ǫ]. In
the third integral region, angular integration is incomplete due to the body zone 2 (B2), which the Poisson integration
over N/B does not cover.
Then first for region I,∫
I
d3y1
|~r1 − ~y1|g(~y) = 2π
∑
c=0
1
rc+11
∫ r1
ǫR1
dy1
(ln y1)
p
ya−c−21
×
∫ 1
−1
d cos θ
Pc(cos θ)Pc(cos γ)
2q(r212 + y
2
1 − 2r12y1 cos θ)b/2
(ln(r212 + y
2
1 − 2r12y1 cos θ))q
= 2π
∑
c=0
Pc(cos γ)
rc+11 r
a+b−c−3
12
∫ r1/r12
ǫR1/r12
dζ(ln ζ + ln r12)
pζc+2−a
×
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1− 2ζt+ ζ2)b/2 , (5.16)
where cos γ ≡ −(~r1 · ~r12)/r1/r12, t ≡ cos θ ≡ −(~y1 · ~r12)/y1/r12, and ζ ≡ y1/r12.
Next for region II,
∫
II
d3y1
|~r1 − ~y1|g(~y) = 2π
∑
c=0
rc1
∫ r12−ǫR2
r1
dy1
(ln y1)
p
ya+c−11
×
∫ 1
−1
d cos θ
Pc(cos θ)Pc(cos γ)
2q(r212 + y
2
1 − 2r12y1 cos θ)b/2
(ln(r212 + y
2
1 − 2r12y1 cos θ))q
= 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ 1−ǫR2/r12
r1/r12
dζ(ln ζ + ln r12)
p
ζa+c−1
×
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1− 2ζt+ ζ2)b/2 . (5.17)
Third for region IV,
∫
IV
d3y1
|~r1 − ~y1|g(~y) = 2π
∑
c=0
rc1
∫ R/ǫ
r12+ǫR2
dy1
(ln y1)
p
ya+c−11
×
∫ 1
−1
d cos θ
Pc(cos θ)Pc(cos γ)
2q(r212 + y
2
1 − 2r12y1 cos θ)b/2
(ln(r212 + y
2
1 − 2r12y1 cos θ))q
= 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ R/(ǫr12)
1+ǫR2/r12
dζ(ln ζ + ln r12)
p
ζa+c−1
×
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1− 2ζt+ ζ2)b/2 . (5.18)
Now for region III, the angular deficit θ0 due to the body zone 2 is determined by
(ǫR2)
2 = y21 + r
2
12 − 2r12y1 cos θ0. (5.19)
It is convenient to redefine ζ as ζ ≡ y1/r12 − 1. Then θ ranges from −1 < cos θ < cos θ0 ≡ 1 − α(ζ), where
α(ζ) = (ǫR2/r12 − ζ)(ǫR2/r12 + ζ)/2/(1 + ζ). Thence
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∫
III
d3y1
|~r1 − ~y1|g(~y) = 2π
∑
c=0
rc1
∫ r12+ǫR2
r12−ǫR2
dy1
(ln y1)
p
ya+c−11
×
∫ cos θ0
−1
d cos θ
Pc(cos θ)Pc(cos γ)
2q(r212 + y
2
1 − 2r12y1 cos θ)b/2
(ln(r212 + y
2
1 − 2r12y1 cos θ))q
= 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ ǫR2/r12
−ǫR2/r12
dζ(ln(1 + ζ) + ln r12)
p
(1 + ζ)a+c−1
×
∫ 1−α(ζ)
−1
dtPc(t)
(
1
2 ln(2 + 2ζ − 2(1 + ζ)t+ ζ2) + ln r12
)q
(2 + 2ζ − 2(1 + ζ)t + ζ2)b/2 . (5.20)
Then summing up the above results, we obtain the following formula, by which we evaluate the first volume integral
on the right-hand side of Eq. (5.14):∫
N1/B
d3y1
g(~y1 + ~z1)
|~r1 − ~y1|
= 2π
∑
c=0
Pc(cos γ)
rc+11 r
a+b−c−3
12
∫ r1/r12
ǫR1/r12
dζ(ln ζ + ln r12)
pζc+2−a
×
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1 − 2ζt+ ζ2)b/2
+ 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ 1−ǫR2/r12
r1/r12
dζ(ln ζ + ln r12)
p
ζa+c−1
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1− 2ζt+ ζ2)b/2
+ 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ ǫR2/r12
−ǫR2/r12
dζ(ln(1 + ζ) + ln r12)
p
(1 + ζ)a+c−1
×
∫ 1−α(ζ)
−1
dtPc(t)
(
1
2 ln(2 + 2ζ − 2(1 + ζ)t + ζ2) + ln r12
)q
(2 + 2ζ − 2(1 + ζ)t+ ζ2)b/2
+ 2π
∑
c=0
rc1Pc(cos γ)
ra+b+c−212
∫ R/(ǫr12)
1+ǫR2/r12
dζ(ln ζ + ln r12)
p
ζa+c−1
×
∫ 1
−1
dtPc(t)
(
1
2 ln(1− 2ζt+ ζ2) + ln r12
)q
(1 − 2ζt+ ζ2)b/2 . (5.21)
As an example, when the source term is ri1r
j
2/r
4
1/r
3
2 , we have∫
N/B
d3y
−4π|~x− ~y|
ri1r
j
2
r41r
3
2
=
1
2
∂zi1∂zj2
F
(−2,−1)
[1,2] +O(ǫRA), (5.22)
where
F
(−2,−1)
[1,2] =
∫
N/B
d3y
−4π|~x− ~y|
1
y21y2
=
∫
N1/B
d3y1
−4π|~r1 − ~y1|
1
y21y2
+O
(( ǫ
R
)2)
= − 2
r12
+
1
r12
ln
(
r1
r12
)
+
P1(cos γ)
3r212
(
−2
3
+ ln
(
r1
r12
))
r1
+
P2(cos γ)
5r312
(
−2
5
+ ln
(
r1
r12
))
r21 +
P3(cos γ)
7r412
(
−2
7
+ ln
(
r1
r12
))
r31
+
P4(cos γ)
9r512
(
−2
9
+ ln
(
r1
r12
))
r41 +O
(
r51
r512
)
+O
(( ǫ
R
)2
, ǫRA
)
. (5.23)
F
(−2,−1)
[1,2] satisfies
∆F
(−2,−1)
[1,2] −
1
r21r2
= O
(
r31
r312
)
as r1 → 0. (5.24)
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Thus, in the neighborhood of ~z1, F
(−2,−1)
[1,2] is the required solution of the Poisson equation in the sense of Eq. (5.24).
In general, F
(m,n)
[A,c] denotes a function which satisfies
∆F
(m,n)
[A,c] − rm1 rn2 = O
(
rc+1A
rc+112
)
as rA → 0.
An appropriate value of the index c depends on how many times we should take derivatives of F
(m,n)
[A,c] to derive an
equation of motion.
Now, to illustrate our method, let us evaluate the Poisson integral of
[−4hkl,i4hτ k,l]SSP defined by Eq. (5.6),
[−4hkl,i4hτ k,l]SSP = m21m2vk2
(
4
∂2
∂zi1z
k
1
(
ln r1
r32
)
− ∂
2
∂zi1z
k
1
(
1
r21r2
)
+ 2
∂2
∂zk1z
i
2
(
1
r21r2
))
+4m21m2v
i
2∆
[
−f (−2,−3) − 1
2
f (−4,−1)
]
+ (1↔ 2). (5.25)
Then we evaluate the Poisson integral around ~z1 as∫
N/B
d3y
−4π|~x− ~y|
[−4hkl,i4hτ k,l]SSP
= m21m2v
k
2
(
4
∂2
∂zi1z
k
1
F
(ln,−3)
[1,2] −
∂2
∂zi1z
k
1
F
(−2,−1)
[1,2] + 2
∂2
∂zk1z
i
2
F
(−2,−1)
[1,2]
)
+m1m
2
2v
k
1
(
4
∂2
∂zi2z
k
2
F
(−3,ln)
[1,2] −
∂2
∂zi2z
k
2
F
(−1,−2)
[1,2] + 2
∂2
∂zi1z
k
2
F
(−1,−2)
[1,2]
)
+
4m21m2
r212
vi2
(
1
r2
ln
(
r2
ǫR2
)
+
1
r2
− r2
4r21
)
+
4m1m
2
2
r212
vi1
(
1
r1
ln
(
r1
ǫR1
)
+
1
r1
− r1
4r22
)
+R(~x), (5.26)
where R(~x) is the remainder. F
(ln,−3)
[1,2] satisfies
∆F
(ln,−3)
[1,2] −
ln r1
r32
= O
(
r31
r312
)
.
Similar equations hold for F
(−3,ln)
[1,2] and F
(−1,−2)
[1,2] .
We note that for the superpotential-in-series part, there is no need to add terms corresponding to the surface
integral terms in Eq. (3.31). We note also that the surface integrals in Eqs. (5.13) and (5.14) do contribute to the
field in the neighborhood of the star.
We could evaluate the Poisson integral of the superpotential-in-series part of 8Λ
τi
N in the neighborhood of the star
1 by means of the method described in this subsection.
C. Direct-integration part
For the direct-integration part (e.g., Eq. (5.4)), we evaluate the surface integral in Eq. (4.7) directly, while we give
up deriving the corresponding contributions to the field valid throughout N/B in a closed form. In this subsection,
we consider only the effect of the direct-integration part of 8h
τi on the evolution equation for P τAΘ.
Let us define the “DIP” field 8h
τi
DIP,
8h
τi
DIP ≡ (direct− integration part of 8hτi) = 4
∫
N/B
d3y
|~x− ~y| 8Λ
τi
S , (5.27)
with 16π8Λ
τi
S ≡ (S− dependent parts of {−4hkl,i4hτ k,l+24hi(k,l)4hτ k,l+ 4hik,τ 4hττ ,k+24hττ ,k6hτ [k,i]}). Then in the
derivation of the evolution equation for P τ1Θ, the direct-integration part appears as (see Eq. (F3))
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dP τ1Θ
dτ
= −
∮
∂B1
dSk
8π
4h
ττ
,l8h
τ [l,k]
DIP + · · ·
=
∮
∂B1
dSk
2π
m2r
l
2
r32
8h
τ [l,k]
DIP + · · · . (5.28)
Then it is sufficient to compute the following integral:
∮
∂B1
dSk
2π
m2r
l
2
r32
8h
τ [l,k]
DIP =
∮
∂B1
dSk
2
π
m2r
l
2
r32
[∫
N/B
d3y
8Λ
τ [l,k]
S
|~x − ~y| −
∮
∂(N/B)
dS[k8Λ
l]τ
S
|~x− ~y|
]
. (5.29)
Straightforward calculation shows that 8Λ
τi
S (~y) ∼ 1/y3 as y → ∞, and thus no contribution arises from the surface
integral over ∂N . On the other hand,
−
∮
∂B
dS[k8Λ
l]τ
S
|~x− ~y| =
4m1m2
r312
(
m1
r1
n
[k
12v
l]
1 −
2m1
3r1
n
[k
12v
l]
2
)
+ (1↔ 2). (5.30)
Therefore, the second surface integral in the square brackets in Eq. (5.29) gives no contribution to the evolution
equation for P τ1Θ. The first integral requires special treatment, which we shall explain below.
Now let us consider an integral which has a form∮
∂B1
dSk
rl2
r32
disc
ǫRA
∫
N/B
d3y1
f(~y1)
|~r1 − ~y1| . (5.31)
Here f(~x) carries tensorial indexes in general, but we do not write them explicitly for notational simplicity. We call
this type of integral the companion star integral. The first integral in Eq. (5.29) is a companion star integral with
f(~y1) = (2m2/π)8Λ
τ [l,k]
S (~y1+~z1) (~y2 must be replaced by ~r12+~y1 in f(~y1)). In the above equation, we defined discǫRA ,
which means to discard all the ǫRA-dependent terms other than logarithms of ǫRA. Thus, for example,
disc
ǫRA
[
1
ǫR1
ln
(
r12
ǫR2
)
+
1
r1
ln
(
r12
ǫR2
)
+
1
ǫR1
+
1
r1
]
=
1
r1
+
1
r1
ln
(
r12
ǫR2
)
.
The symbol discǫRA is introduced in Eq. (5.31) to clarify that we discard ǫRA dependence in the field before we
evaluate the surface integrals in the general form of the 3PN equation of motion.
To evaluate a companion star integral, we first exchange the order of integration,∮
∂B1
dSk
rl2
r32
disc
ǫRA
∫
N/B
d3y
f(~y1)
|~r1 − ~y1|
= lim
r′1→ǫR1
disc
ǫRA
∫
N/B
d3y1f(~y1)
∮
∂B′1
dSk
1
|~y1 − r′1~n1|
∂zl2
1
|~r12 − r′1~n1|
, (5.32)
where we defined a sphere B′1 whose center is ~z1 and radius is r
′
1 which is a constant slightly larger than ǫR1 for any
(small) ǫ (ǫR1 < r
′
1 << r12).
We mention here that the procedure of exchanging the order of integrations here is motivated by the works of
Blanchet and Faye [39–41].
The reason we introduced r′1 is as follows. Suppose that we treat an integrand for which the superpotential
is available. By calculating the Poisson integral, we have a piece of field corresponding to the integrand. The
piece generally depends on ǫRA, however we reasonably discard such RA-dependent terms (other than logarithmic
dependence) as explained in Sec. III E. Using so-obtained RA-independent field, we evaluate the surface integrals
in the general form of the 3PN equation of motion by discarding the ǫRA dependence emerging from the surface
integrals, and obtain an equation of motion. Thus discarding-ǫRA procedure must be employed at each time, when
the field is derived and then when an equation of motion is derived, not in one time. Thus r′1 was introduced to
distinguish two species of ǫRA dependence and to discard ǫRA dependence in the right order. We show here a simple
example. Let us consider the following integral:∮
∂B1
dSk
rk1
r31
∫
N/B
d3y
|~x− ~y|
1
y21
. (5.33)
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Using ∆ ln r1 = 1/r
2
1, we can integrate the Poisson integral and obtain the “field”,∫
N/B
d3y
|~x− ~y|
1
y21
= −4π ln
(
r1
R/ǫ
)
+ 4π − 4π ǫR1
r1
+O
(
(ǫRA)
2
)
.
Since the “body zone contribution” must have an ǫR1 dependence hidden in the “moments” as 4πǫR1/r1(+O((ǫRA)
2))
(see Sec. III E), the terms−4πǫR1/r1+O((ǫRA)2) should be discarded before we evaluate the “equation of motion”(the
surface integral in Eq. (5.33)). The surface integral gives the “equation of motion”,
16π2
(
ln
(R/ǫ
ǫR1
)
+ 1
)
. (5.34)
On the other hand, we can derive the “equation of motion” by first evaluating the surface integral over ∂B′1,∮
∂B1
dSk
rk1
r31
∫
N/B
d3y
|~x− ~y|
1
y21
=
∫
N/B
d3y
y21
∮
∂B′1
dSk
rk1
r31
1
|~r1 − ~y1|
= 16π2
[∫ r′1
ǫR1
dy
r′1
+
∫ R/ǫ
r′1
dy
y1
]
= 16π2
(
ln
(R/ǫ
r′1
)
+ 1− ǫR1
r′1
)
. (5.35)
Thus, if we take ∂B1 as the integral region instead of ∂B
′
1 in the first equality in Eq. (5.35), or if we take limr′1→ǫR1
without employing discǫRA beforehand, we will obtain an incorrect result,
16π2 ln
(R/ǫ
ǫR1
)
,
which disagrees with Eq. (5.34).
Now let us return to Eq. (5.32). To evaluate the surface integral, we expand the integrand, supposing r′1 is small,
5
∮
∂B′1
dSk
1
|r′1~n1 − ~y1|
∂zl2
1
|~r12 + r′1~n1|
= ∂zl2
∑
a=0
b=0
(−1)a (2a− 1)!!(2b− 1)!!
a!b!
∮
dΩn1n
k
1n
Ma
1 n
Nb
1 n
<Ma>
12 N
<Nb>
1
r
′a+2
1
ra+112
{
r
′b
1
yb+11
,
yb1
r
′b+1
1
}
= 4π∂zl2
∑
a=0
(−1)a (2a− 1)!!
(2a+ 3)a!
1
ra+112
n<Ma>12 N
<kMa>
1
{
r
′2a+3
1
ya+21
, ya+11
}
−4π∂zl2
∑
a=0
(−1)a (2a− 1)!!
(2a+ 3)a!
1
ra+212
n<kMa>12 N
<Ma>
1
{
r
′2a+3
1
ya+11
, r
′2
1 y
a
1
}
, (5.36)
where N i1 ≡ yi1/y1, and in {f, g} in the above equation, f denotes the result for r′1 < y1 and g denotes the result for
r′1 > y1. In the last equality of Eq. (5.36), we used the following formula [58]:
1
4π
∮
dΩn1n
k
1n
Ia
1 n
Jb
1 n
<Ia>
12 N
<Jb>
1
=
a!
(2a+ 1)!!
N
<Ia−1>
1 n
<kIa−1>
12 δa,b+1 +
b!
(2b+ 1)!!
N
<kJb−1>
1 n
<Jb−1>
12 δa+1,b. (5.37)
Substituting Eq. (5.36) into Eq. (5.32), we establish a formula
50!! = (−1)!! = 1.
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∮
∂B1
dSk
rl2
r32
disc
ǫRA
∫
N/B
d3y
f(~y1)
|~r1 − ~y1|
= lim
r′1→ǫRA
disc
ǫRA
4π
∑
a=0
(−1)a (2a− 1)!!
(2a+ 3)a!
×
[∫
N/B′
d3y1f(~y1)
{
r
′2a+3
1
ya+21
N<kMa>1 ∂zl2
(
n<Ma>12
ra+112
)
− r
′2a+3
1
ya+11
N<Ma>1 ∂zl2
(
n<kMa>12
ra+212
)}
+
∫
B′1/B1
d3y1f(~y1)
{
ya+11 N
<kMa>
1 ∂zl2
(
n<Ma>12
ra+112
)
− r′21 ya1N<Ma>1 ∂zl2
(
n<kMa>12
ra+212
)}]
, (5.38)
where B′ ≡ B′1 ∪B2.
Now since we expect from the discussion in Sec. III E that an equation of motion does not depend on ǫRA and hence
r′1, in the formally infinite series in Eq. (5.38), only finite terms for which the volume integral makes r
′
1 dependence
disappear do contribute. The r′1 dependence of the above integral can be examined by the behavior of the integrand
near ∂B′1. Thus, to examine r
′
1 dependence, we expand f(~y1) in the small y1,
6
f(~y1) =
∑
p=p0
1
yp1
fˆ
p
( ~N1 · ~n12), (5.39)
where p0, the lowest bound in the sum, is a finite integer. Then, r
′
1 dependence of the four volume integrals in Eq.
(5.38) can be evaluated as
disc
ǫRA
∫
r′1
dy1f(~y1)
r
′2a+3
1
ya1
=
∑
p=p0
fˆ
p
( ~N1 · ~n12)
(
r
′a−p+4
1
a+ p− 1δ1−p6=a − r
′2a+3
1 δ1−p,a ln r
′
1
)
, (5.40a)
disc
ǫRA
∫
r′1
dy1f(~y1)
r
′2a+3
1
ya−11
=
∑
p=p0
fˆ
p
( ~N1 · ~n12)
(
r
′a−p+5
1
a+ p− 2δ2−p6=a − r
′2a+3
1 δ2−p,a ln r
′
1
)
, (5.40b)
disc
ǫRA
∫ r′1
ǫR1
dy1f(~y1)y
a+3
1 =
∑
p=p0
fˆ
p
( ~N1 · ~n12)
(
r
′a−p+4
1
a− p+ 4δp−46=a + δp−4,a ln
(
r′1
ǫR1
))
, (5.40c)
disc
ǫRA
∫ r′1
ǫR1
dy1f(~y1)r
′2
1 y
a+2
1 =
∑
p=p0
fˆ
p
( ~N1 · ~n12)
(
r
′a−p+5
1
a− p+ 3δp−36=a + r
′2
1 δp−3,a ln
(
r′1
ǫR1
))
, (5.40d)
where δa 6=b = 0 for a = b and 1 otherwise. Note that a ≥ 0. Since we take r′1 → ǫRA and discard ǫRA dependence, in
the above four equations the only terms which we should retain are
disc
ǫRA
lim
r′1→ǫR1
disc
ǫRA
∫
r′1
dy1f(~y1)
r
′2a+3
1
ya1
=
∑
p=p0
1
2p− 5δa,p−4 fˆp(
~N1 · ~n12), (5.41a)
disc
ǫRA
lim
r′1→ǫR1
disc
ǫRA
∫
r′1
dy1f(~y1)
r
′2a+3
1
ya−11
=
∑
p=p0
1
2p− 7δa,p−5 fˆp(
~N1 · ~n12), (5.41b)
disc
ǫRA
lim
r′1→ǫR1
disc
ǫRA
∫ r′1
ǫR1
dy1f(~y1)y
a+3
1 = 0, (5.41c)
disc
ǫRA
lim
r′1→ǫR1
disc
ǫRA
∫ r′1
ǫR1
dy1f(~y1)r
′2
1 y
a+2
1 = −
∑
p=p0
1
2
δa,p−5 fˆ
p
( ~N1 · ~n12). (5.41d)
Substituting Eqs. (5.41a), (5.41b), (5.41c), and (5.41d) into Eq. (5.38), we obtain
6
8Λ
τi
S has no logarithmic dependence.
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disc
ǫRA
∮
∂B1
dSk
rl2
r32
disc
ǫRA
∫
N/B
d3y
f(~y1)
|~r1 − ~y1|
= 4π
∑
a=p0−4≥0
(−1)a (2a− 1)!!
(2a+ 3)2a!
∮
dΩN1 fˆ
a+4
( ~N1 · ~n12)N<kMa>1 ∂zl2
(
n<Ma>12
ra+112
)
+ 4π
∑
a=p0−5≥0
(−1)a (2a+ 1)!!
2(2a+ 3)2a!
∮
dΩN1 fˆ
a+5
( ~N1 · ~n12)N<Ma>1 ∂zl2
(
n<kMa>12
ra+212
)
, (5.42)
where we applied discǫRA to the left-hand side of Eq. (5.38) to make it clear that we discard the ǫRA-dependent terms
(other than the ln ǫRA dependence) when deriving an equation of motion.
To illustrate our method, let us take
[−4hkl,i4hτ k,l]DIP defined by Eq. (5.4) as an integrand, for instance, in Eq.
(5.42),
f(~y1) =
2m2
π
∂[j
[
−4h|kl|,i]4hτ k,l
]
DIP
,
where the vertical strokes denote that indexes between the strokes are excluded from (anti)symmetrization. We
expand this integrand around zi1 as
2m2
π
∂[j
[
−4h|kl|,i]4hτ k,l
]
DIP
=
32m21m
2
2
πr41r
2
12
(
−n[i12vj]1 − 2(~n1 · ~v1)n[i1nj]12 − 2(~n1 · ~n12)n[i1 vj]1
)
+O
((
r12
r1
)3)
. (5.43)
Thus we see that the integrand ∂[j
[−4h|kl|,i]4hτ k,l]DIP, for which p0 = 4, does not contribute to the 3PN evolution
equation of P τ1Θ since the angular integration of the integrand in Eq. (5.42) gives zero.
Returning to the evaluation of 8h
τi
DIP, we apply Eq. (5.42) to f(~y1) = (2m2/π)8Λ
τ [l,k]
S (~y1 + ~z1). Expanding
8Λ
τ [l,k]
S (~y1 + ~z1) around z
i
1, we find that p0 = 4. Evaluating the angular integral in Eq. (5.42) for 8Λ
τ [l,k]
S (~y1 + ~z1),
however, results in zero.
VI. HARMONIC CONDITION
In this section, we check a part of the harmonic condition,
≤8h
ττ
,τ + ≤8h
τi
,i = 0. (6.1)
As explained in the previous section, we split the nonretarded part of the N/B contribution 8h
τi
N/Bn=0 into three
groups: 8h
τi
SP (the superpotential part), 8h
τi
SSP (the superpotential-in-series part), and 8h
τi
DIP (the direct-integration
part). We could obtain an explicit form of only 8h
τi
SP, the body zone contribution 8h
τi
B , and the second time derivative
term in the retarded field 8h
τi
N/Bn=2 (the last term in Eq. (5.1)). Our trick is to transform the left-hand side of Eq.
(6.1) into the following form:
H(τ, ~x) ≡ ≤8hττ ,τ + ≤7hτi,i + 8hτiB ,i + 8hτiSP,i + 8hτiN/Bn=2,i
+4
∫
N/B
d3y
|~x− ~y|
∂
∂yi
(8Λ
τi
SSP + 8Λ
τi
S )− 4
∮
∂(N/B)
dSi
|~x− ~y| (8Λ
τi
SSP + 8Λ
τi
S ), (6.2)
where 8Λ
τi
SSP is the integrand corresponding to the superpotential-in-series part. Now not surprisingly, we could
evaluate the integrals explicitly using superpotentials. For example,
∂
∂yi
16π8Λ
τi
SSP =
∂
∂yi
(
24m21m2y
i
1(~y1 · ~v2)
y61y2
+ · · ·
)
= ∆
(
24m21m2v
k
2
(
−1
4
∂zk1 f
(−2,−3) +
r212
8
∂zk1 f
(−4,−3) − 5
8
∂zk1 f
(−4,−1)
))
+ · · · . (6.3)
In this manner, though we could not evaluate Poisson integrals explicitly and consequently the field 8h
τi valid
throughout N/B is not available in a closed form, we checked the harmonic condition in the sense that H(τ, ~x) = 0
throughout N/B.
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VII. THE 3PN MASS-ENERGY RELATION
As explained in Sec. IV, the direct-integration part does not play any role in the evaluation of the evolution equation
of P τAΘ. Thus we can take the same method as in the evaluation of the 2.5PN equation of motion. We first express
10Θ
τµ
N explicitly by substituting the field derived previously into Eqs. (F2) and (F3). Then evaluating the surface
integrals in Eq. (4.7), we obtain the evolution equation of P τAΘ,(
dP τ1Θ
dτ
)
≤3PN
= −ǫ2m1m2
r212
[4(~n12 · ~v1)− 3(~n12 · ~v2)]
+ ǫ4
m1m2
r212
[
−9
2
(~n12 · ~v2)3 + 1
2
v21(~n12 · ~v2) + 6(~n12 · ~v1)(~n12 · ~v2)2
− 2v21(~n12 · ~v1) + 4(~v1 · ~v2)(~n12 · ~V ) + 5v22(~n12 · ~v2)− 4v22(~n12 · ~v1)
+
m1
r12
(−4(~n12 · ~v2) + 6(~n12 · ~v1)) + m2
r12
(−10(~n12 · ~v1) + 11(~n12 · ~v2))
]
+ ǫ6
m1m2
r212
[
−
(
3
2
v41 + 2v
2
1v
2
2 + 4v
4
2
)
(~n12 · ~v1) +
(
5
8
v41 +
3
2
v21v
2
2 + 7v
4
2
)
(~n12 · ~v2)
+
(
2v21 + 4v
2
2
)
(~n12 · ~v1)(~v1 · ~v2)−
(
2v21 + 8v
2
2
)
(~n12 · ~v2)(~v1 · ~v2)
+
(
3v21 + 12v
2
2
)
(~n12 · ~v1)(~n12 · ~v2)2 −
(
3
4
v21 + 12v
2
2
)
(~n12 · ~v2)3
+ 2(~n12 · ~v2)(~v1 · ~v2)2 − 6(~n12 · ~v1)(~n12 · ~v2)2(~v1 · ~v2) + 6(~n12 · ~v2)3(~v1 · ~v2)
− 15
2
(~n12 · ~v1)(~n12 · ~v2)4 + 45
8
(~n12 · ~v2)5
+
m1
r12
((
−42v21 −
117
4
v22
)
(~n12 · ~v1) + 60(~n12 · ~v1)3
+
(
137
4
v21 +
37
2
v22
)
(~n12 · ~v2)
+
297
4
(~n12 · ~v1)(~v1 · ~v2)− 219
4
(~n12 · ~v2)(~v1 · ~v2)− 151(~n12 · ~v1)2(~n12 · ~v2)
+ 109(~n12 · ~v1)(~n12 · ~v2)2 − 23(~n12 · ~v2)3
)
+
m2
r12
(
− (13v21 + 18v22) (~n12 · ~v1) +
(
17
2
v21 + 25v
2
2
)
(~n12 · ~v2)
+ 26(~n12 · ~v1)(~v1 · ~v2)− 28(~n12 · ~v2)(~v1 · ~v2) + 2(~n12 · ~v1)2(~n12 · ~v2)
+ 16(~n12 · ~v1)(~n12 · ~v2)2 − 20(~n12 · ~v2)3
)
+
m21
r212
(
33
4
(~n12 · ~v1)− 13
2
(~n12 · ~v2)
)
− m1m2
r212
(
35
4
(~n12 · ~v1) + 17
4
(~n12 · ~v2)
)
+
m22
r212
(
−12(~n12 · ~v1) + 23
2
(~n12 · ~v2)
)]
, (7.1)
where ~V ≡ ~v1 − ~v2.
Remarkably, we can integrate Eq. (7.1) functionally,
P τ1Θ = m1
(
1 + ǫ22Γ1 + ǫ
4
4Γ1 + ǫ
6
6Γ1
)
+O(ǫ7), (7.2)
with
2Γ1 =
1
2
v21 +
3m2
r12
, (7.3)
4Γ1 = −3m2
2r12
(~n12 · ~v2)2 + 2m2
r12
v22 +
7m2
2r12
v21 −
4m2
r12
(~v1 · ~v2) + 3
8
v41 +
7m22
2r212
− 5m1m2
2r212
, (7.4)
22
6Γ1 =
m21m2
2r312
+
21m1m
2
2
4r312
+
5m32
2r312
+
5
16
v61
+
m22
r212
(
45
4
v21 +
19
2
v22 +
1
2
(~n12 · ~v1)2 − 19(~v1 · ~v2)− (~n12 · ~v1)(~n12 · ~v2)− 3(~n12 · ~v2)2
)
+
m1m2
r212
(
43
8
v21 +
53
8
v22 −
69
8
(~n12 · ~v1)2 − 53
4
(~v1 · ~v2) + 85
4
(~n12 · ~v1)(~n12 · ~v2)
− 69
8
(~n12 · ~v2)2
)
+
m2
r12
(
33
8
v41 + 3v
2
1v
2
2 + 2v
4
2 − 6v21(~v1 · ~v2)− 4v22(~v1 · ~v2)
− 7
4
v21(~n12 · ~v2)2 −
5
2
v22(~n12 · ~v2)2 + 2(~v1 · ~v2)2
+ 2(~n12 · ~v2)2(~v1 · ~v2) + 9
8
(~n12 · ~v2)4
)
. (7.5)
The mass-energy relation for the χ part up to 3PN order is given in Appendix E. Equations (7.2) and (E2) give the
3PN order mass-energy relation.
1. Meaning of P τAΘ
In this section, we suggest an interesting interpretation of the mass-energy relation. First of all, we expand in an ǫ
series a four-velocity of the star A normalized as gµνu
µ
Au
ν
A = −ǫ−2, where uiA = uτAviA. We have
uτA = 1 + ǫ
2
[
1
2
v2A +
1
4
4h
ττ
]
+ ǫ4
[
1
4
6h
ττ +
1
4
4h
k
k − 3
32
(4h
ττ)2 +
5
8
4h
ττv2A − 4hτ kvkA +
3
8
v4A
]
+ ǫ5
1
4
[
7h
ττ + 5h
k
k
]
+ ǫ6
[
1
4
8h
ττ +
1
4
6h
k
k +
1
16
4h
ττ
4h
k
k − 3
16
4h
ττ
6h
ττ +
7
128
(4h
ττ)3 +
1
4
4h
τk
4h
τ
k
− 6hτ kvkA −
1
4
4h
ττ
4h
τ
kv
k
A +
1
2
4hklv
k
Av
l
A +
1
8
4h
k
kv
2
A +
5
64
(4h
ττ)2v2A
+
5
8
6h
ττv2A −
3
2
4h
τ
kv
k
Av
2
A +
27
32
4h
ττv4A +
5
16
v6A
]
+O(ǫ7). (7.6)
This is a formal series since the field should be evaluated somehow at ~zA while the metric derived via the point-particle
description diverges at ~zA.
Now let us regularize this equation with Hadamard’s partie finie regularization (see, e.g., [41] in the literature of
the post-Newtonian approximation). Evaluating with this procedure Eq. (7.6) and
√−g expanded in ǫ up to O(ǫ6),
then comparing the result with Eq. (7.2), we find at least up to 3PN order
P τAΘ = mA[
√−guτA]extA . (7.7)
In the above equation, [f ]extA means that we regularize the quantity f at the star A by Hadamard’s partie finie or
whatever regularizations which give the same result.
We emphasize that we have never assumed this “natural” relation in advance. This relation Eq. (7.2) has been
derived by solving the evolution equation for P τAΘ functionally.
VIII. THE 3PN MOMENTUM-VELOCITY RELATION
We now derive the 3PN momentum-velocity relation by calculating the QiA integral at 3PN order. From the
definition of the QiA integral, Eq. (3.24),
QiA = ǫ
6
∮
∂BA
dSk
(
10Λ
τk
N − vkA10ΛττN
)
yiA +O(ǫ
7),
23
we find that the calculation required is almost the same as that in the equation for dP τAΘ/dτ . Namely, 8h
τi
DIP does
not contribute to the QiA integral due to (i) the antisymmetry of the direct-integration part (see Eq. (5.28)), (ii) the
behavior of the direct-integration part at infinity (see Eq. (5.29)), and (iii) its behavior around ~zA (see Eq. (5.42).
Note that 8Λ
τk
S (τ, ~zA + ~yA)y
i
A ∼ 1/y3A in the neighborhood of the star A). Therefore, we need to compute the surface
integrals in the definition of QiA using the field up to 2PN order, 8h
τi
B , 8h
τi
N/Bn=2, 8h
τi
SP, and 8h
τi
SSP. We show only
QiAΘ here,
≤6Q
i
1Θ = −ǫ6
m31m2n
<ij>
12 v
j
12
2r312
= ǫ6
d
dτ
(
m31m2
6r312
ri12
)
= −ǫ6 d
dτ
(
1
6
m31a
i
1
)
, (8.1)
where it should be understood that aiA in the last expression is evaluated with the Newtonian acceleration. We show
QiAχ in Appendix E.
In the field, QiA of O(ǫ
6) appears at 4PN or higher order. Thus up to 3PN order, 6Q
i
A affects the equation of motion
only through the 3PN momentum-velocity relation. As stated in Sec. IV, the nontrivial momentum-velocity relation
which affects the equation of motion is that of the Θ part. This in turn motivates us to define the representative
point of the star A, ziA, by choosing the value of D
i
AΘ. We do not take into account D
i
Aχ in the definition of z
i
A.
Now with QiAΘ in hand, we obtain the momentum-velocity relation,
P i1Θ = P
τ
1Θv
i
1 − ǫ6
d
dτ
(
1
6
m31a
i
1
)
+ ǫ2
dDi1Θ
dτ
. (8.2)
This equation suggests that we choose
DiAΘ(τ) = ǫ
4 1
6
m3Aa
i
A = ǫ
4δiAΘ(τ). (8.3)
For a while henceforth, we shall define ziA by this equation. We shall later give a more convenient definition of z
i
A.
Finally, we note that the nonzero dipole moment DiAΘ of order ǫ
4 affects the 3PN field and the 3PN equation of
motion in essentially the same manner as the Newtonian dipole moment affects the Newtonian field and the Newtonian
equation of motion. From Eqs. (3.13), (3.14), and (3.15) (or Eqs. (A8), (A9), and (A10) for more explicit expressions),
we see that δiAΘ appears only at 10h
ττ as
hττ |δAΘ = 4ǫ10
∑
A=1,2
δkAΘr
k
A
r3A
+O(ǫ11). (8.4)
Then the corresponding acceleration becomes
m1a
i
1|δAΘ = −ǫ6
3m1δ
k
2Θ
r312
n<ik>12 + ǫ
6 3m2δ
k
1Θ
r312
n<ik>12 − ǫ6
d2δi1Θ
dτ2
. (8.5)
The last term comes from the momentum-velocity relation Eq. (8.2) and compensates the QiAΘ integral contribution
also appearing through Eq. (8.2).
Note that this change of the acceleration does not affect the conservation of the binary orbital energy,
m1a
i
1|δAΘvi1 +m2ai2|δAΘvi2 = ǫ6
d
dτ
∑
A=1,2
[
δkAΘ
dvkA
dτ
− vkA
dδkAΘ
dτ
]
. (8.6)
IX. THE 3PN GRAVITATIONAL FIELD: N/B INTEGRALS
To derive a 3PN equation of motion, we have to have 10h
ττ + 8h
k
k besides 8h
τi and the 2.5PN field. The 2.5PN
field is well known [28]. (See paper II for 6h
ij .) At 3PN order, while the body zone contribution ≤10h
ττ
B + ≤8h
k
Bk is
easily found as Eqs. (A8) and (A10) with the help of the 3PN mass-energy relation, Eqs. (7.2) and (E2), it is quite
difficult to evaluate the Poisson-type integrals over the N/B region. The problem is again to find superpotentials
required in the derivation of the field. Thus we have not evaluated all the Poisson integrals and we have applied the
method used in the evaluation of the 8h
τi contribution to dP τA/dτ .
We shall deal with the nonretarded field from the next subsection,
4
∫
N/B
d3y
|~x− ~y|
(
10Λ
ττ
N (τ, ~y) + 8Λ
k
Nk(τ, ~y)
)
. (9.1)
In the last subsection, we consider the second and the fourth time derivative terms in the retarded field.
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A. Superpotential part
Using the 2PN field, we first write down 10Λ
ττ
N + 8Λ
k
Nk explicitly, and simplify it to remove its S-dependence as
much as possible. Then as in Sec. V, we split the integrand into two groups: the S-independent group and the
S-dependent group. For the S-independent group, we could find the superpotentials required other than those which
have the following sources in the Poisson equations:{
1
r61r
6
2
,
1
r61r
4
2
,
1
r61r
2
2
,
r32
r61
,
1
r41r
4
2
,
1
r41r
2
2
,
r2
r41
,
1
r21r2
,
ri1r
j
1
r61r2
,
ri1r
j
1
r51r
2
2
,
r52r
i
1r
j
1
r51
,
ri1r
j
1
r41r
3
2
,
ri1r
j
1
r31r
4
2
,
r32r
i
1r
j
1
r31
,
ri1r
j
1
r21r
5
2
,
r2r
i
1r
j
1
r1
,
r1r
i
1r
j
1
r2
,
r31r
i
1r
j
1
r32
,
r51r
i
1r
j
1
r52
,
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j
2
r61r2
,
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j
2
r51r
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2
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i
1r
j
2
r51
,
ri1r
j
2
r41r
3
2
,
r32r
i
1r
j
2
r31
,
r2r
i
1r
j
2
r1
}
. (9.2)
It should be understood that there are Poisson equations with the same sources but with (1↔ 2). We shall treat the
integrand corresponding to the list (9.2), the superpotential-in-series part of 10Λ
ττ
N + 8Λ
k
Nk, in the next subsection.
For the remaining integrand of 10Λ
ττ
N + 8Λ
k
Nk (the superpotential part of 10Λ
ττ
N + 8Λ
k
Nk), we need to find the
superpotentials whose sources are{
1
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r22
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,
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,
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,
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,
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,
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,
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,
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,
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,
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,
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,
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k
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,
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. (9.3)
Here we did not list the sources for which we already find the superpotentials (see the list (5.7)).
We could derive the superpotentials corresponding to the list (9.3) using the procedure described in Sec. VA.
Useful particular solutions are given in [28,33,40] and in Appendix G. Those superpotentials enable us to calculate
the Poisson integral with the superpotential part as the integrand. We cannot write the result down here because of
its enormous length.
B. Superpotential-in-series part
The superpotentials having the sources listed in (9.2) could not be found. Thus we employed the method explained
in Sec. VB. First we transform tensorial sources into scalars. For example,
r51r
i
1r
j
1
r52
=
1
3
∂2
∂zi1z
j
1
r51
r2
+∆
[
1
63
∂2
∂zi1z
j
1
(
− r
9
1
21r32
+
9
7
r212f
(7,−5) − 3r
7
1
7r2
+ 3r212f
(5,−3)
)
− δ
ij
7
f (7,−5)
]
.
We apply Eqs. (5.13), (5.14), and (5.21) to the sources in (9.2). The (scalar)sources derived by making the sources
in the list (9.2) scalars to which we apply Eq. (5.21) are;{
1
r61r
6
2
,
1
r61r
4
2
,
1
r61r
2
2
,
r32
r61
,
1
r41r
4
2
,
1
r41r
2
2
,
r2
r41
,
1
r21r2
,
r51
r2
,
r1
r42
,
r21 ln r1
r52
,
1
r21r2
,
ln r1
r32
}
, (9.4)
and the same functions with their labels 1 and 2 exchanged. For these sources, we could evaluate the Poisson integrals
in a similar sense to Eq. (5.24), and as a result we obtain in the neighborhood of the star 1 the field corresponding
to the superpotential-in-series part.
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C. Direct-integration part
We now consider the DIP field contribution to an equation of motion. At 3PN order, the DIP field appears in the
integrands of the surface integrals of the general form of the 3PN equation of motion as (see Eqs. (F3) and (F4))
10[16π(−g)tτiLL]DIP = 24hττ ,k8hτ [k,i]DIP , (9.5)
10[16π(−g)tijLL]DIP
=
1
4
(δikδ
j
l + δ
i
lδ
j
k − δijδkl)
{
4h
ττ,k(10h
ττ,l
DIP + 8h
m
DIPm
,l + 48h
τl
DIP,τ ) + 84h
τ
m
,k
8h
τ [l,m]
DIP
}
+ 24h
τi
,k8h
τ [k,j]
DIP + 24h
τj
,k8h
τ [k,i]
DIP . (9.6)
Here we added the 8h
τi
DIP contribution. (Note that in Sec. VC, we evaluated the 8h
τi
DIP contribution to the evolution
equation for P τAΘ, but not to an equation of motion.) Then the DIP field contribution to a 3PN acceleration denoted
by ai1DIP becomes
m1a
i
1DIP
=
m1
4π
∮
∂B1
dΩ
[∫
N/B
d3y
|~x− ~y|
(
10Λ
ττ,i
S + 8Λ
k
Sk
,i + 48Λ
τi
S ,τ + 8v
k
1 8Λ
τ [i,k]
S
)]
+
m2
4π
(δikδ
j
l + δ
i
lδ
j
k − δijδkl)
∮
∂B1
dSj
rk2
r32
×
∫
N/B
d3y
|~x− ~y|
(
10Λ
ττ,l
S + 8Λ
m
S m
,l + 48Λ
τl
S ,τ + 8v
m
2 8Λ
τ [l,m]
S
)
− 2m2
π
V k
∮
∂B1
dSk
rl2
r32
∫
N/B
d3y8Λ
τ [l,i]
S
|~x− ~y| +
2m2
π
vi2
∮
∂B1
dSj
rk2
r32
∫
N/B
d3y8Λ
τ [k,j]
S
|~x− ~y|
− m1
4π
∮
∂B1
dΩ

∮
∂(N/B)
dSi
|~x− ~y| (10Λ
ττ
S + 8Λ
k
Sk) + 4
∑
A=1,2
vkA
∮
∂BA
dSk8Λ
τi
S
|~x− ~y|
+ 8vk1
∮
∂(N/B)
dS[k8Λ
i]τ
S
|~x− ~y|
]
− m2
4π
(δikδ
j
l + δ
i
lδ
j
k − δijδkl)
∮
∂B1
dSj
rk2
r32
×

∮
∂(N/B)
dSl
|~x− ~y| (10Λ
ττ
S + 8Λ
m
S m) + 4
∑
A=1,2
vmA
∮
∂BA
dSm8Λ
τl
S
|~x− ~y| + 8v
m
2
∮
∂(N/B)
dS[m8Λ
l]τ
S
|~x− ~y|


+
2m2
π
V k
∮
∂B1
dSk
rl2
r32
∮
∂(N/B)
dS[i8Λ
l]τ
S
|~x− ~y| −
2m2
π
vi2
∮
∂B1
dSj
rk2
r32
∮
∂(N/B)
dS[j8Λ
k]τ
S
|~x− ~y| , (9.7)
where we used a relation
d
dτ
∫
N/B
d3y
8Λ
τi
S (τ, ~y)
|~x− ~y| =
∫
N/B
d3y
|~x− ~y|
d
dτ
8Λ
τi
S (τ, ~y)−
∑
A=1,2
vkA
∮
∂BA
dSk
8Λ
τi
S (τ, ~y)
|~x− ~y| .
All the integrals in Eq. (9.7) other than the first four terms can be easily evaluated. We now explain how to evaluate
the first four integrals.
1. Main star integral
For the first integral in Eq. (9.7), we change the integration variable ~y to ~y1 and also change the integration region
N to N1 using Eq. (5.14). The surface integrals over ∂N can be easily evaluated. Note that ~y2 in the integrands
must be replaced by ~r12 + ~y1. For the remaining volume integral, we use computationally the same method as the
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one employed by Blanchet and Faye in [40,41]. Let us consider the following integral, which we call the main star
integral:
1
4π
∮
∂B1
dΩdisc
ǫRA
∫
N1/B
d3y1
f(~y1)
4π|~r1 − ~y1| . (9.8)
(For the definition of discǫRA , see Sec. VC.) With the notice given below Eq. (5.32) in mind, we first exchange the
order of integration,
1
4π
∮
∂B1
dΩdisc
ǫRA
∫
N1/B
d3y1
f(~y1)
|~r1 − ~y1|
= lim
r′1→ǫR1
disc
ǫRA
[∫
N1/B′
d3y1
y1
f(~y1) +
∫
B′1/B1
d3y1
r′1
f(~y1)
]
, (9.9)
where we used ∮
∂B1
dΩ
|~r1 − ~y1| =
{ 4π
r1
for r1 ≥ y1,
4π
y1
for r1 < y1.
(9.10)
Next we make a symmetric trace-free decomposition (STF decomposition) of the integrand on the indexes of ~n1,
f(~y1) =
∑
l=0
gl(cos θ, y1)n
<Il>
1 , (9.11)
where cos θ = −~n12 · ~n1. Note that gl(cos θ, y1) is not necessarily a scalar. In general, gl(cos θ, y1) is a tensor whose
indexes are carried by ~vA, ~r12, or some combinations of them. Then substituting back the STF-decomposed integrand
into Eq. (9.9), we have
1
4π
∮
∂B1
dΩdisc
ǫRA
∫
N1/B
d3y1
f(~y1)
4π|~r1 − ~y1|
=
1
2
∑
l=0
n<Il>12 lim
r′1→ǫR1
disc
ǫRA
[∫
N1/B′
dy1y1
∫
dtPl(−t)gl(t, y1)
+
∫ r′1
ǫR1
dy1y
2
1
r′1
∮ 1
−1
dtPl(−t)gl(t, y1)
]
, (9.12)
where (below, ~n and ~N are unit vectors)∫
dΩn
4π
n<Il>f( ~N · ~n) = N<Il>
∫
dΩn
4π
Pl( ~N · ~n)f( ~N · ~n) (9.13)
was used. Notice that in Eq. (9.12), when y1 ∈ [r12− ǫR2, r12+ ǫR2] the body zone 2 prevents the angular integration
region from being complete. The angular deficit is given by Eq. (5.19).
Now let us give an example. Take ∂zi1(lnS)∂j(1/r1) as an integrand,
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∮
∂B1
dΩ
4π
disc
ǫRA
∫
N1/B
d3y1
4π|~r1 − ~y1|∂zi1 lnS∂j
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∂B1
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(
ni1n
j
1
y21S
− n
i
12n
j
1
y21S
)
=
1
2
n<ij>12 lim
r′1→ǫR1
disc
ǫRA
[∫
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√
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√
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∫
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√
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+
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√
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]
+
1
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[∫
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∫
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√
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+
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∮ 1
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√
r212 + y
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1 − 2y1r12t
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. (9.14)
Here ∫
N1/B′
dy1
y1
∫
dtPl(−t)
r12 + y1 +
√
r212 + y
2
1 − 2y1r12t
=


5
3r12
− π26r12 +O(ǫR1, r′1) for l = 2,
3
2r12
− π26r12 +O(ǫR1, r′1) for l = 1,
2
r12
− π26r12 + 1r12 ln
(
r12
r′1
)
+O(ǫR1, r′1) for l = 0,
(9.15)
and
∫ r′1
ǫR1
dy1
r′1
∮ 1
−1
dtPl(−t)
r12 + y1 +
√
r212 + y
2
1 − 2y1r12t
=


O(ǫR1, r
′
1) l = 2,
O(ǫR1, r
′
1) l = 1,
1
r12
+O(ǫR1, r′1) l = 0.
(9.16)
Thus we obtain∮
∂B1
dΩ
4π
disc
ǫRA
∫
N1/B
d3y1
4π|~r1 − ~y1|∂zi1 lnS∂j
1
y1
=
2δij
9r12
+
ni12n
j
12
12r12
+
δij
6r12
ln
(
r12
ǫR1
)
. (9.17)
The integrand ∂zi1(lnS)∂j(1/r1) was taken in [40] as an example of Hadamard’s partie finie of Poisson integrals. The
results are the same. A difference in the two results here is simply in definitions of the lower bounds of the integration.
Here in our case we set ǫRA as the lower bounds.
Now we return to the evaluation of the 3PN gravitational field. Applying Eq. (9.12) to the first integral in Eq.
(9.7), where
f(~y1) =
[
∂
∂yi
10Λ
ττ
S (τ, ~y) +
∂
∂yi
8Λ
k
Sk(τ, ~y) + 4
d
dτ
8Λ
τi
S (τ, ~y) + 8v
k
1
∂
∂y[k
8Λ
i]τ
S (τ, ~y)
]∣∣∣∣
~y=~y1+~z1
,
we could evaluate the main star integral contribution to a 3PN acceleration.
2. Companion star integral
The second, the third, and the fourth terms in Eq. (9.7) have a form of a companion star integral and thus can be
evaluated by the method described in Sec. VC. The integrands have no logarithmic dependence and thus admit an
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expansion in the form of Eq. (5.39), where we found p0 = 5. Then using Eq. (5.42), we obtain the companion star
integral contribution,
m2
4π
(δikδ
j
l + δ
i
lδ
j
k − δijδkl)
×
∮
∂B1
dSj
rk2
r32
∫
N/B
d3y
|~x− ~y|
(
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ττ,l
S + 8Λ
m
S m
,l + 48Λ
τl
S ,τ + 8v
m
2 8Λ
τ [l,m]
S
)
− 2m2
π
V k
∮
∂B1
dSk
rl2
r32
∫
N/B
d3y
8Λ
τ [l,i]
S
|~x− ~y| +
2m2
π
vi2
∮
∂B1
dSj
rk2
r32
∫
N/B
d3y
8Λ
τ [k,j]
S
|~x− ~y|
=
m21m
2
2
r512
ri12
[
46v21
9
+
16v22
3
− 16(~n12 · ~v1)2 − 92(~v1 · ~v2)
]
. (9.18)
D. Retarded field
At 3PN order, we have to evaluate the integral over N/B in the second retardation expansion term,
2
∂2
∂τ2
∫
N/B
d3y|~x− ~y| (8ΛττN + 6ΛkNk) .
This integral can be evaluated via the super-superpotential f(~y) satisfying 8Λ
ττ
N + 6Λ
k
Nk = ∆
2f(~y) as∫
N/B
d3y|~x− ~y|∆2f(~y)
= −8πf(~x)
+
∮
∂(N/B)
dSk
[
|~x− ~y|∂k∆f(~y)− y
k − xk
|~x− ~y| ∆f(~y) +
2
|~x− ~y|∂kf(~y) +
2(yk − xk)
|~x− ~y|3 f(~y)
]
.
The superpotential of 8Λ
ττ
N + 6Λ
k
Nk is easily found. (In the derivation of 8h
ττ and 6h
ij we found the superpotentials
required here.) The super-superpotentials we could not find are only those with 1/(r21r2), 1/(r1r
2
2), r1/r
2
2, and r2/r
2
1
as sources. The corresponding integrands are
∂2
∂τ2
∫
N/B
d3y
4π|~x− ~y|
(
−21m
2
1m2
y21y2
− 15m
2
1m2y2
2r212y
2
1
− 21m1m
2
2
y1y22
− 15m1m
2
2y1
2r212y
2
2
)
.
Thus we use the method explained in Sec. VB and obtain the field near the star 1, which is sufficient to derive the
equation of motion.
The N/B integral appearing in the fourth retardation expansion term can be evaluated via the following super-
super-superpotentials:
1
r41
= ∆
1
2r21
= ∆2
1
2
ln r1 = ∆
3 1
2
f (ln,0),
~r1 · ~r2
r31r
3
2
= ∆
1
2r1r2
= ∆2
1
2
lnS = ∆3
1
2
f (lnS),
and a formula ∫
N/B
d3y|~x− ~y|3∆3f(~y)
= −96πf(~x) +
∮
∂(N/B)
dSk
[|~x− ~y|3∂k∆2f(~y)− 3|~x− ~y|(yk − xk)∆2f(~y)
+ 12|~x− ~y|∂k∆f(~y)− 12y
k − xk
|~x− ~y| ∆f(~y) +
24
|~x− ~y|∂kf(~y) +
24(yk − xk)
|~x− ~y|3 f(~y)
]
.
It is straightforward to evaluate the surface integrals.
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X. THE 3PN EQUATION OF MOTION WITH LOGARITHMIC TERMS
To obtain a 3PN equation of motion, we evaluate the surface integrals in the general form of the 3PN equation
of motion Eq. (4.8) using the field 8h
ττ ,≤6h
µν , the 3PN body zone contributions, and the 3PN N/B contributions
corresponding to the superpotential part and the superpotential-in-series part. We then combine the result with
the contribution from the direct-integration part. For a computational check, we have used the direct-integration
method (the method with which we evaluate the direct-integration part) to evaluate the contributions to the equation
of motion from all of the 3PN N/B nonretarded field, 8h
τi
N/Bn=0 and 10h
ττ
N/Bn=0 + 8h
l
N/Bn=0l, by assuming that
they had belonged completely to a direct-integration part. As expected, we obtained the same result from two
methods: the direct-integration method and the direct-integration method plus the superpotential method plus the
superpotential-in-series method.
In the evaluation of the body zone field hµνB (shown as Eqs. (A8), (A9), and (A10)), besides the explicitly seen
energy monopole terms in these fields which must be converted into mass monopole terms via the 3PN mass-energy
relation, the effects of the QKliA and R
Klij
A integrals appearing in the 3PN field are properly taken into account through
Eq. (A4). 6Q
i
AΘ given in Eq. (8.1) affects a 3PN equation of motion through the 3PN momentum-velocity relation.
Since we define the representative points of the stars via Eq. (8.3), we add the corresponding acceleration given by
Eq. (8.5). Furthermore, our choice of the representative points of the stars makes DiAχ appear independently of D
i
AΘ
in the field, and hence 4D
i
Aχ affects the 3PN equation of motion. In summary, ≤4Q
Kli
A ,≤4R
Klij
A , 6Q
i
AΘ, δ
i
AΘ, and 4D
i
Aχ
contributions to the 3PN field can be written as
10h
ττ + 8h
k
k = 4
∑
A=1,2
rkA
r3A
(
δkAΘ + 4D
k
Aχ + 4R
kll
A −
1
2
4R
llk
A
)
+ · · · , (10.1)
where · · · are other contributions. The effect of this field on the equation of motion is properly taken into account
via Eq. (A4) with CQR replaced by CQR + CDχ + CδAΘ , where CδAΘ = 2/3 and CDχ = −350/9. (See Eq. (8.3)
for CδAΘ and Eq. (E3) for CDχ .) On the other hand, 6Q
i
AΘ and δ
i
AΘ affect the equation of motion through the
momentum-velocity relation in Eq. (4.8),
m1
(
dvi1
dτ
)
≤3PN
= −ǫ6d6Q
i
1Θ
dτ
− ǫ6 d
2δi1Θ
dτ2
+ · · · , (10.2)
but cancel each other out, since we chose Eq. (8.3). We note that there is no need to take into account an effect of
DiAχ through the momentum-velocity relation of the χ part on the equation of motion since we evaluate the general
form of the 3PN equation of motion Eq. (4.8) to derive a 3PN equation of motion. Then these contributions to a
3PN acceleration can be summarized into
(the contribution to m1a
i
1 from ≤4Q
Kli
A ,≤4R
Klij
A , 6Q
i
AΘ, δ
i
AΘ, 4D
i
Aχ)
= −ǫ6 (CQR + CDAχ + CδAΘ) m31m222r612 ri12 − ǫ6
(
CQR + CDAχ + CδAΘ
) m21m32
2r612
ri12
= ǫ6
118
9
m31m
2
2
r612
ri12 + ǫ
6 118
9
m21m
3
2
r612
ri12. (10.3)
Collecting these contributions mentioned from the beginning of this section, we obtain a 3PN equation of motion.
However, we found that logarithmic terms having the arbitrary constants ǫRA in their arguments survive,
m1
(
dvi1
dτ
)with log
= m1
(
dvi1
dτ
)
≤2.5PN
+ ǫ6
m21m2
r312
[
44m21
3r212
ni12 ln
(
r12
ǫR1
)
− 44m
2
2
3r212
ni12 ln
(
r12
ǫR2
)
+
22m1
r12
(
5(~n12 · ~V )2ni12 − V 2ni12 − 2(~n12 · ~V )V i
)
ln
(
r12
ǫR1
)]
+ · · ·+O(ǫ7), (10.4)
where the acceleration through 2.5PN order, (dvi1/dτ)≤2.5PN is the Damour and Deruelle 2.5PN acceleration. In our
formalism, we have computed it in paper II. The “· · ·” stands for the terms that do not include any logarithms.
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Since this equation contains two arbitrary constants, the body zone radii RA, at first sight its predictability on the
orbital motion of the binary seems to be reduced. In the next section, we shall show that by reasonable redefinition
of the representative points of the stars, we can remove RA from our equation of motion. There, we show the explicit
form of the 3PN equation of motion we obtained.
XI. THE 3PN EQUATION OF MOTION
The following alternative choice of the representative point of the star A removes the ǫRA dependence in Eq. (10.4):
DiAΘ,New(τ) = ǫ
4δiAΘ(τ) − ǫ4
22
3
m3Aa
i
A ln
(
r12
ǫRA
)
≡ ǫ4δiAΘ(τ) + ǫ4δiA ln(τ) ≡ ǫ4δiA(τ). (11.1)
Note that this redefinition of the representative points does not affect the existence of the energy conservation, as was
shown by Eq. (8.6). We can examine the effect of this redefinition onto the equation of motion using Eq. (8.5) (use
δiA ln instead of δ
i
AΘ). Thence we have
m1a
i
1|δA ln = −ǫ6
3m1δ
k
2 ln
r312
n<ik>12 + ǫ
6 3m2δ
k
1 ln
r312
n<ik>12 − ǫ6
d2δi1 ln
dτ2
= −44m
4
1m2
3r512
ni12 ln
(
r12
ǫR1
)
+
44m21m
3
2
3r512
ni12 ln
(
r12
ǫR2
)
−22m
3
1m2
r412
(
5(~n12 · ~V )2ni12 − V 2ni12 − 2(~n12 · ~V )V i
)
ln
(
r12
ǫR1
)
+
22m31m2
3r412
(
m1
r12
ni12 +
m2
r12
ni12 − V 2ni12
+ 8(~n12 · ~V )2ni12 − 2(~n12 · ~V )V i
)
. (11.2)
Comparing the above equation with Eq. (10.4), we easily conclude that the representative point ziA of the star A
defined by
DiAΘ,New(τ) = ǫ
−6
∫
BA
d3y(yi − ziA(τ))ΘττN (τ, yk) = ǫ4δiA(τ) (11.3)
obeys an equation of motion free from logarithms and hence free from any ambiguity up to 3PN order inclusively.
We mention here that Blanchet and Faye [40] have already noticed that in their 3PN equation of motion a suit-
able coordinate transformation removes (parts of) logarithmic dependences of arbitrary parameters corresponding
(roughly) to our body zone radii.7 It is well known that choosing different values of dipole moments corresponds to
the coordinate transformation.
By adding m1a
i
1|δA ln to Eq. (10.4), we obtain our 3PN equation of motion for two spherical compact stars whose
representative points are defined by Eq. (11.3),
7Unlike our case, their coordinate transformation does not remove the logarithmic dependences of their free parameters
completely. The remaining logarithmic dependence was used to make their equation of motion conservative.
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m1
dvi1
dτ
= −m1m2
r212
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− 2(~v1 · ~v2)2v22 +
15
2
(~n12 · ~v2)2v42 + 4(~v1 · ~v2)v42 − 2v62
+
m1
r12
(
−171
8
(~n12 · ~v1)4 + 171
2
(~n12 · ~v1)3(~n12 · ~v2)
− 723
4
(~n12 · ~v1)2(~n12 · ~v2)2 + 383
2
(~n12 · ~v1)(~n12 · ~v2)3 − 455
8
(~n12 · ~v2)4
+
229
4
(~n12 · ~v1)2v21 −
205
2
(~n12 · ~v1)(~n12 · ~v2)v21 +
191
4
(~n12 · ~v2)2v21 −
91
8
v41
− 229
2
(~n12 · ~v1)2(~v1 · ~v2) + 244(~n12 · ~v1)(~n12 · ~v2)(~v1 · ~v2)− 225
2
(~n12 · ~v2)2(~v1 · ~v2)
+
91
2
v21(~v1 · ~v2)−
177
4
(~v1 · ~v2)2 + 229
4
(~n12 · ~v1)2v22 −
283
2
(~n12 · ~v1)(~n12 · ~v2)v22
+
259
4
(~n12 · ~v2)2v22 −
91
4
v21v
2
2 + 43(~v1 · ~v2)v22 −
81
8
v42
)
+
m2
r12
(−6(~n12 · ~v1)2(~n12 · ~v2)2 + 12(~n12 · ~v1)(~n12 · ~v2)3
+ 6(~n12 · ~v2)4 + 4(~n12 · ~v1)(~n12 · ~v2)(~v1 · ~v2) + 12(~n12 · ~v2)2(~v1 · ~v2) + 4(~v1 · ~v2)2
− 4(~n12 · ~v1)(~n12 · ~v2)v22 − 12(~n12 · ~v2)2v22 − 8(~v1 · ~v2)v22 + 4v42
)
+
m22
r212
(
−(~n12 · ~v1)2 + 2(~n12 · ~v1)(~n12 · ~v2) + 43
2
(~n12 · ~v2)2 + 18(~v1 · ~v2)− 9v22
)
+
m1m2
r212
(
415
8
(~n12 · ~v1)2 − 375
4
(~n12 · ~v1)(~n12 · ~v2) + 1113
8
(~n12 · ~v2)2
− 615π
2
64
(~n12 · ~V )2 + 18v21 +
123π2
64
V 2 + 33(~v1 · ~v2)− 33
2
v22
)
+
m21
r212
(
−2069
8
(~n12 · ~v1)2 + 543(~n12 · ~v1)(~n12 · ~v2)− 939
4
(~n12 · ~v2)2 + 471
8
v21
− 357
4
(~v1 · ~v2) + 357
8
v22
)
+
16m32
r312
+
m21m2
r312
(
547
3
− 41π
2
16
)
− 13m
3
1
12r312
+
m1m
2
2
r312
(
545
3
− 41π
2
16
)]
33
+ ǫ6
m1m2
r212
V i
[
15
2
(~n12 · ~v1)(~n12 · ~v2)4 − 45
8
(~n12 · ~v2)5 − 3
2
(~n12 · ~v2)3v21
+ 6(~n12 · ~v1)(~n12 · ~v2)2(~v1 · ~v2)− 6(~n12 · ~v2)3(~v1 · ~v2)− 2(~n12 · ~v2)(~v1 · ~v2)2
− 12(~n12 · ~v1)(~n12 · ~v2)2v22 + 12(~n12 · ~v2)3v22 + (~n12 · ~v2)v21v22 − 4(~n12 · ~v1)(~v1 · ~v2)v22
+ 8(~n12 · ~v2)(~v1 · ~v2)v22 + 4(~n12 · ~v1)v42 − 7(~n12 · ~v2)v42 +
m2
r12
(−2(~n12 · ~v1)2(~n12 · ~v2)
+ 8(~n12 · ~v1)(~n12 · ~v2)2 + 2(~n12 · ~v2)3 + 2(~n12 · ~v1)(~v1 · ~v2) + 4(~n12 · ~v2)(~v1 · ~v2)
− 2(~n12 · ~v1)v22 − 4(~n12 · ~v2)v22
)
+
m1
r12
(
−243
4
(~n12 · ~v1)3 + 565
4
(~n12 · ~v1)2(~n12 · ~v2)
− 269
4
(~n12 · ~v1)(~n12 · ~v2)2 − 95
12
(~n12 · ~v2)3 + 207
8
(~n12 · ~v1)v21 −
137
8
(~n12 · ~v2)v21
− 36(~n12 · ~v1)(~v1 · ~v2) + 27
4
(~n12 · ~v2)(~v1 · ~v2) + 81
8
(~n12 · ~v1)v22 +
83
8
(~n12 · ~v2)v22
)
+
m22
r212
(4(~n12 · ~v1) + 5(~n12 · ~v2))
+
m1m2
r212
(
−307
8
(~n12 · ~v1) + 479
8
(~n12 · ~v2) + 123π
2
32
(~n12 · ~V )
)
+
m21
r212
(
311
4
(~n12 · ~v1)− 357
4
(~n12 · ~v2)
)]
+O(ǫ7), (11.4)
in the harmonic gauge.
Now we list some features of our 3PN equation of motion. In the test-particle limit, our 3PN equation of motion
coincides with a geodesic equation for a test-particle in the Schwarzschild metric in the harmonic coordinate (up to
3PN order). With the help of the formulas developed in [42], we have checked the Lorentz invariance of Eq. (11.4)
(in the post-Newtonian perturbative sense). Also, we have checked that our 3PN acceleration admits a conserved
energy of the binary orbital motion (modulo the 2.5PN radiation reaction effect). In fact, the energy of the binary E
associated with Eq. (11.4) is
E =
1
2
m1v
2
1 −
m1m2
2r12
+ ǫ2
[
3
8
m1v
4
1 +
m21m2
2r212
+
m1m2
2r12
(
3v21 −
7
2
(~v1 · ~v2)− 1
2
(~n12 · ~v1)(~n12 · ~v2)
)]
34
+ ǫ4
[
5
16
m1v
6
1 −
m31m2
2r312
− 19m
2
1m
2
2
8r312
+
m21m2
2r212
(
−3v21 +
7
2
v22 +
29
2
(~n12 · ~v1)2 − 13
2
(~n12 · ~v1)(~n12 · ~v2) + (~n12 · ~v2)2
)
+
m1m2
4r12
(
3
2
(~n12 · ~v1)3(~n12 · ~v2) + 3
4
(~n12 · ~v1)2(~n12 · ~v2)2 − 9
2
(~n12 · ~v1)(~n12 · ~v2)v21
− 13
2
(~n12 · ~v2)2v21 +
21
2
v41 +
13
2
(~n12 · ~v1)2(~v1 · ~v2) + 3(~n12 · ~v1)(~n12 · ~v2)(~v1 · ~v2)
− 55
2
v21(~v1 · ~v2) +
17
2
(~v1 · ~v2)2 + 31
4
v21v
2
2
)]
+ ǫ6
[
35
128
m1v
8
1 +
3m41m2
8r412
+
469m31m
2
2
18r412
+
m21m
2
2
2r312
(
547
6
(~n12 · ~v1)2 − 3115
24
(~n12 · ~v1)(~n12 · ~v2)− 123π
2
32
(~n12 · ~v1)(~n12 · ~V )
− 575
9
v21 +
41π2
32
(~V · ~v2) + 4429
72
(~v1 · ~v2)
)
+
m31m2
2r312
(
−437
4
(~n12 · ~v1)2 + 317
4
(~n12 · ~v1)(~n12 · ~v2) + 3(~n12 · ~v2)2 + 301
12
v21
− 337
12
(~v1 · ~v2) + 5
2
v22
)
+
m1m2
r12
(
− 5
16
(~n12 · ~v1)5(~n12 · ~v2)− 5
16
(~n12 · ~v1)4(~n12 · ~v2)2 − 5
32
(~n12 · ~v1)3(~n12 · ~v2)3
+
19
16
(~n12 · ~v1)3(~n12 · ~v2)v21 +
15
16
(~n12 · ~v1)2(~n12 · ~v2)2v21 +
3
4
(~n12 · ~v1)(~n12 · ~v2)3v21
+
19
16
(~n12 · ~v2)4v21 −
21
16
(~n12 · ~v1)(~n12 · ~v2)v41 − 2(~n12 · ~v2)2v41 +
55
16
v61 −
19
16
(~n12 · ~v1)4(~v1 · ~v2)
− (~n12 · ~v1)3(~n12 · ~v2)(~v1 · ~v2)− 15
32
(~n12 · ~v1)2(~n12 · ~v2)2(~v1 · ~v2)
+
45
16
(~n12 · ~v1)2v21(~v1 · ~v2) +
5
4
(~n12 · ~v1)(~n12 · ~v2)v21(~v1 · ~v2) +
11
4
(~n12 · ~v2)2v21(~v1 · ~v2)
− 139
16
v41(~v1 · ~v2)−
3
4
(~n12 · ~v1)2(~v1 · ~v2)2 + 5
16
(~n12 · ~v1)(~n12 · ~v2)(~v1 · ~v2)2 + 41
8
v21(~v1 · ~v2)2
+
1
16
(~v1 · ~v2)3 − 45
16
(~n12 · ~v1)2v21v22 −
23
32
(~n12 · ~v1)(~n12 · ~v2)v21v22 +
79
16
v41v
2
2 −
161
32
v21v
2
2(~v1 · ~v2)
)
+
m21m2
r212
(
−49
8
(~n12 · ~v1)4 + 75
8
(~n12 · ~v1)3(~n12 · ~v2)− 187
8
(~n12 · ~v1)2(~n12 · ~v2)2 + 11
2
v41
+
247
24
(~n12 · ~v1)(~n12 · ~v2)3 + 49
8
(~n12 · ~v1)2v21 +
81
8
(~n12 · ~v1)(~n12 · ~v2)v21 −
21
4
(~n12 · ~v2)2v21
− 15
2
(~n12 · ~v1)2(~v1 · ~v2)− 3
2
(~n12 · ~v1)(~n12 · ~v2)(~v1 · ~v2) + 21
4
(~n12 · ~v2)2(~v1 · ~v2)− 27v21(~v1 · ~v2)
+
55
2
(~v1 · ~v2)2 + 49
4
(~n12 · ~v1)2v22 −
27
2
(~n12 · ~v1)(~n12 · ~v2)v22 +
3
4
(~n12 · ~v2)2v22 +
55
4
v21v
2
2
− 28(~v1 · ~v2)v22 +
135
16
v42
)]
+ (1↔ 2) +O(ǫ7). (11.5)
This orbital energy of the binary is computed based on that found in Blanchet and Faye [40], the relation between
their 3PN equation of motion and our result described in Sec. XII 1 below, and Eq. (8.6). (After constructing E
given as Eq. (11.5), we have checked that our 3PN equations of motion make E conserved.)
We note that Eq. (10.4) gives a correct geodesic equation in the test-particle limit, is Lorentz invariant, and admits
the conserved energy. These facts can be seen by the form of ai1|δA ln , Eq. (11.2); it is zero when m1 → 0, is Lorentz
invariant up to 3PN order, and is the effect of the mere redefinition of the dipole moments which does not break
energy conservation.
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Finally, we mention here two computational details. In the course of calculation, ~z1, ~z2 appears independently, that
is, not in a form as ~r12. This can be seen, for instance, from Eq. (5.14). As another example, the surface integral over
the near zone boundary in Eq. (3.31) in general gives terms depending on ~zA explicitly. All such ~zA dependences,
when collected in the equation of motion, are combined into ~r12. We have retained during our calculationR-dependent
terms with positive powers of R or logarithms of R. As stated below Eq. (3.9), it is a good computational check
to show that our equation of motion does not depend on R physically. In fact, we found that R-dependent terms
canceled each other out in the final result. There was no need to employ a gauge transformation to remove such R
dependences.
XII. COMPARISON AND SUMMARY
1. Comparison
By comparing Eq. (11.4) with the Blanchet and Faye 3PN equation of motion [40], we find the following relationship:
m1~a
this work
1 = m1(~a
BF
1 )λ=− 19873080 +m1~a1|δA ln +m1~a1|δA,BF , (12.1)
where m1~a
this work
1 is the 3PN acceleration given in Eq. (11.4), (~a
BF
1 )λ=−1987/3080 is the Blanchet and Faye 3PN
acceleration with λ = −1987/3080, and m1~a1|δA ln is given in Eq. (11.2) with ǫRA replaced by r′A for notational
consistency with the Blanchet and Faye 3PN equation of motion shown in [40]. m1~a1|δA,BF is an acceleration induced
by the following dipole moments of the stars:
δiA,BF = −
3709
1260
m3Aa
i
A. (12.2)
We can compute m1a
i
1|δA,BF by substituting δiA,BF instead of δiAΘ into Eq. (8.5). Thus, by choosing the dipole
moments,
DiAΘ,BF = ǫ
4δiAΘ − ǫ4δiA,BF, (12.3)
we have the 3PN equation of motion in completely the same form as (~aBF1 )λ=−1987/3080. In other words, our 3PN equa-
tion of motion physically agrees with (~aBF1 )λ=−1987/3080 modulo the definition of the dipole moments (or equivalently,
the coordinate transformation under the harmonic coordinate condition). In [47], we have shown some arguments
that support this conclusion.
The value of λ that we found, λ = −1987/3080, is perfectly consistent with the relation (1.1) and the result of [38]
(ωstatic = 0).
2. Summary
To deal with strongly self-gravitating objects such as neutron stars, we have used the surface integral approach with
the strong field point-particle limit. The surface integral approach is achieved by using the local conservation of the
energy momentum, which led us to the general form of the equation of motion which is expressed entirely in terms
of surface integrals. The use of the strong field point-particle limit and the surface integral approach makes our 3PN
equation of motion applicable to inspiraling compact binaries which consist of strongly self-gravitating regular stars
(modulo the scalings imposed on the initial hypersurface). Our 3PN equation of motion depends only on masses of
the stars and is independent of their internal structure such as their density profiles or radii. Thus our result supports
the strong equivalence principle up to 3PN order.
The multipole moments previously defined in papers I and II are found to be unsatisfactory at 3PN order in the
sense that these moments are not defined in a proper reference coordinate and consequently they contain monopole
terms. By taking account of the effect of Lorentz contraction on these moments, we succeeded in extracting cleanly
the monopole terms from these multipole moments up to the required order.
At 3PN order, it does not seem possible to derive the field in a closed form. This is because not all the superpotentials
required are available, and thus we could not evaluate all the Poisson-type N/B integrals. Some of the integrands
allow us to derive superpotentials in series forms in the neighborhood of a star. For others, we have adopted an idea
that Blanchet and Faye have used in [39–41]. The idea is that while abandoning complete derivation of the 3PN
gravitational field throughout N/B, one exchanges the order of integration. We first evaluate the surface integrals
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in the evolution equation for the energy of a star and the general form of the equation of motion, and then we
evaluate the remaining volume integrals. Using these methods, we first derived the 3PN mass-energy relation and the
momentum-velocity relation. The 3PN mass-energy relation admits a natural interpretation. We then evaluated the
surface integrals in the general form of the equation of motion, and obtained an equation of motion up to 3PN order
of accuracy.
At 3PN order, our equation of motion contains logarithms of the body zone radii RA. Practically, we cannot discard
RA dependences if RA is in logarithms. We showed that we could remove the logarithms by suitable redefinition of
the representative points of the stars. Thus we could transform our 3PN equation of motion into an unambiguous
equation which does not contain any arbitrarily introduced free parameters.
Our so-obtained 3PN equation of motion agrees physically (modulo a definition of the representative points of the
stars) with the result derived by Blanchet and Faye [40] with λ = −1987/3080, which is consistent with Eq. (1.1)
and ωstatic = 0 reported by Damour, Jaranowski, and Scha¨fer [38]. This result indirectly supports the validity of the
dimensional regularization in the ADM canonical approach in the ADMTT gauge.
Blanchet and Faye [39,40] introduced four arbitrary parameters. In Hadamard’s partie finie regularization, one
has to introduce a sphere around each singular point (representing a point-mass) whose radius is a free parameter.
In their framework, regularizations are employed in the evaluation of both a gravitational field having two singular
points and two equations of motion. Since there is a priori no reason to expect that the spheres introduced for the
evaluation of the field and the equations of motion coincide, there arise four arbitrary parameters. This is in contrast
with our formalism where each body zone introduced in the evaluation of the field is inevitably the same as the body
zone with which we defined the energy and the three-momentum of each star for which we derived our equation of
motion.
Actually, the redefinition of the representative points in our formalism corresponds to the gauge transformation
in [40], and only two of the four parameters remain in [40]. Then they have used one of the remaining two free
parameters to ensure the energy conservation and there remains only one arbitrary parameter λ which they could not
fix in their formalism.
On the other hand, our 3PN equation of motion has no ambiguous parameter, admits conservation of an orbital
energy of the binary system (when we neglect the 2.5 PN radiation reaction effect), and respects Lorentz invariance
in the post-Newtonian perturbative sense. We emphasize that we do not need to a posteriori adjust some parameters
to make our 3PN equation of motion satisfy the above three physical features.
Finally, we note here that Blanchet et al. [43] have recently obtained the same value of λ by computing a 3PN
equation of motion in the harmonic gauge using the dimensional regularization.
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APPENDIX A: QKLI
A
AND RKLIJ
A
In this section we evaluate QKliA and R
Klij
A up to O(ǫ
4), the order required to compute the 3PN field. In the
following, we shall omit the ǫRA dependence as explained in the appendix of paper II. In the evaluation of the field
up to 3PN order, ≤10h
ττ and ≤8h
µi, we use ≤8Λ
µν
N as the integrand in the surface integrals of Q
Kli
A and R
Klij
A . Then
straightforward calculation gives
QKliA = ǫ
−4
8∑
n=4
ǫn
∮
∂BA
dSm [nΛ
τm
N − vmA nΛττN ] yKliA = O(ǫ5) (A1)
for ∀ l and
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RKlij1 = ǫ
−4
8∑
n=4
ǫn
∮
∂B1
dSm
[
nΛ
jm
N − vm1 nΛjτN
]
yKli1
=


−ǫ4 3m31m2
5r512
r<ij>12 +O(ǫ
5) for l = 0,
ǫ4
3m31m2
5r312
(
4δkirj12 − δjkri12 − δijrk12
)
+O(ǫ5) for l = 1,
O(ǫ5) otherwise.
(A2)
RKlijA contribute to the field at 3PN order through the moments Z
Klij
A . See Eqs. (3.21)-(3.30). Combining the
above results, the QKliA and R
Klij
A contributions to the 3PN field h
µν
QR become
10h
ττ
QR + 8h
k
QRk = 4
∑
A=1,2
rkA
r3A
(
4R
kll
A −
1
2
4R
llk
A
)
= CQR
∑
A=1,2
m3A(~aA · ~rA)
r3A
, (A3)
with CQR = 12 and h
τi
QR = O(ǫ
9), where we used Eqs. (A8), (A9), and (A10) below.
The hµνQR field affects the equation of motion,
m1a
i
1QR = −ǫ6
CQR
2
m31m
2
2
r612
ri12 − ǫ6
CQR
2
m21m
3
2
r612
ri12, (A4)
where ai1QR is the QR field contribution to the acceleration of the star 1. Note that in the above equation we have
not yet taken into account the effect of the 3PN QiA integral (6Q
i
A). 6Q
i
A does not affect the 3PN field, but the 3PN
equation of motion through the 3PN momentum-velocity relation. We evaluate 6Q
i
A in Sec. VIII and Appendix E.
For convenience, we list QKliA integrals, R
Klij
A integrals, and the body zone contribution including multipole moments
up to 3PN order. We retain here (and only here) the dipole moments of order O(ǫ2), since it is appropriate to define
the representative points of the stars by DiA = ǫ
2M ikA v
k
A + O(ǫ
3) when we are concerned with the spin effects (see
paper I).
Qi1 = ǫ
4 2m2M
ik
1 n
k
12
3r212
+O(ǫ5), (A5)
and QKli1 = O(ǫ
5) for l 6= 0,
Rji1 = ǫ
4 m2
3r212
(
2D
k
1n
k
12δ
ij + 22D
j
1n
i
12 − 2Di1nj12
)
+ǫ4
m2
3r212
(
3δijMkl1 n
k
12v
l
1 − 3M ik1 vk1nj12 + 4M ik1 nk12vj1 − 4δijMkl1 nk12vl2
− 2M jk1 vk2ni12 + 2M jk1 nk12vi2 + 4M ik1 vk2nj12 − 4M ik1 nk12vj2
)
+ǫ4
m2
5r312
(
3Iij1 − 3δijIkl1 nk12nl12 − 12Ijk1 nk12ni12 + 3Iik1 nk12nj12 + 3Ik1 kni12nj12
)
+ǫ4
2m2
5r312
(
−2ni12nj12Zk[lk]l1 − nk12nj12Zk[li]l1 − nk12nj12Zi[lk]l1
+ 4nk12n
i
12Z
k[lj]l
1 + 4n
k
12n
i
12Z
j[lk]l
1 + 2δ
ijnk12n
l
12Z
k[ml]m
1
− Zi[kj]k1 − Zj[ki]k1
)
+ (monopole part) +O(ǫ5), (A6)
Rjki1 = ǫ
4 m2
5r212
(
2δi(jI
k)l
1 n
l
12 − 2Ii(j1 nk)12 − δjkI l1lni12 + 3Ijk1 ni12
)
+ǫ4
2m2
15r212
(
−2δjkZ l[lm]m1 ni12 − δijZ l[mk]m1 nl12 − δikZ l[mj]m1 nl12 − δijZk[ml]m1 nl12
− δikZj[ml]m1 nl12 + Zi[lj]l1 nk12 + Zi[lk]l1 nj12 + Zj[li]l1 nk12 + Zk[li]l1 nj12
− 3Zj[lk]l1 ni12 − 3Zk[lj]l1 ni12
)
+ (monopole part) +O(ǫ5), (A7)
and RKlij1 = O(ǫ
5) for l 6= 0, 1.
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In the following, we have used Eqs. (3.19)-(3.30):
hττB = 4ǫ
4
∑
A=1,2
[
P τA
rA
+ ǫ2
DkAr
k
A
r3A
+ ǫ4
3IklA r
<kl>
A
2r5A
+ ǫ6
5IklmA r
<klm>
A
2r7A
]
− 4ǫ5 ∂
∂τ
∑
A=1,2
P τA
+2ǫ6
∂2
∂τ2
∑
A=1,2
[
P τArA − ǫ2
rkAD
k
A
rA
+ ǫ4
δkl − nkAnlA
rA
IklA
]
−2
3
ǫ7
∂3
∂τ3
∑
A=1,2
[
P τAr
2
A − 2ǫ2rkADkA
]
+
1
6
ǫ8
∂4
∂τ4
∑
A=1,2
[
P τAr
3
A − 3ǫ2rArkADkA
]
− 1
30
ǫ9
∂5
∂τ5
∑
A=1,2
[
P τAr
4
A
]
+
1
180
ǫ10
∂6
∂τ6
∑
A=1,2
[
P τAr
5
A
]
+O(ǫ11), (A8)
hτiB = 4ǫ
4
∑
A=1,2
[
P τAv
i
A
rA
+ ǫ2
(
1
rA
dDiA
dτ
+
MkiA r
k
A
2r3A
+
v
(k
AD
i)
Ar
k
A
r3A
)
+ ǫ4
(
4Q
i
A
rA
+
rkA
2r3A
dIkiA
dτ
+
3v
(i
AI
kl)
A r
<kl>
A
2r5A
+
2J
k[li]
A r
<kl>
A
r5A
)]
−4ǫ5 ∂
∂τ
∑
A=1,2
[
P τAv
i
A + ǫ
2 dD
i
A
dτ
]
+2ǫ6
∂2
∂τ2
∑
A=1,2
[
P τArAv
i
A − ǫ2
(
rkAM
ki
A
2rA
+
rkAv
(k
AD
i)
A
rA
)]
−2
3
ǫ7
∂3
∂τ3
∑
A=1,2
[
P τAr
2
Av
i
A
]
+
1
6
ǫ8
∂4
∂τ4
∑
A=1,2
[
P τAr
3
Av
i
A
]
+O(ǫ9), (A9)
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hijB = 4ǫ
4
∑
A=1,2
[
P τAv
i
Av
j
A
rA
+ ǫ2
(
2v
(i
A
rA
dD
j)
A
dτ
+
D
(i
A
rA
dv
j)
A
dτ
+
M
k(i
A v
j)
A r
k
A
r3A
+
D
(i
Av
j)
A v
k
Ar
k
A
r3A
+
Z
k[li]j
A r
<kl>
A
r5A
+
Z
k[lj]i
A r
<kl>
A
r5A
)
+ ǫ4
(
1
2rA
d2IijA
dτ2
+
vkAr
k
A
2r3A
dIijA
dτ
+
rkA
2r3A
d
dτ
(
v
(k
A I
ij)
A
)
− 2r
k
A
3r3A
(
dJ
i[jk]
A
dτ
+
dJ
j[ik]
A
dτ
)
+
r<kl>A
6r5A
(
2vkAv
l
AI
ij
A + v
i
Av
j
AI
kl
A + 6v
k
Av
(i
AI
j)l
A
)
+
r<kl>A
6r5A
(
vkAJ
i[lj]
A + v
k
AJ
j[li]
A + 2v
i
AJ
k[lj]
A + 2v
j
AJ
k[li]
A
)
+
15Z
kl[mi]j
A r
<klm>
A
8r7A
+
15Z
kl[mj]i
A r
<klm>
A
8r7A
+
4Q
(i
Av
j)
A
rA
+
54R
klm(ij)
A r
<klm>
A
8r7A
+
4R
(ij)
A
rA
+
rkA
2r3A
(4R
kji
A + 4R
kij
A − 4RijkA )
)]
−4ǫ5 ∂
∂τ
∑
A=1,2
[
P τAv
i
Av
j
A + ǫ
2
(
2v
(i
A
dD
j)
A
dτ
+D
(i
A
dv
j)
A
dτ
)]
+2ǫ6
∂2
∂τ2
∑
A=1,2
[
P τAv
i
Av
j
ArA + ǫ
2
(
2rAv
(i
A
dD
j)
A
dτ
+ rAD
(i
A
dv
j)
A
dτ
− M
k(i
A v
j)
A r
k
A
rA
−D
(i
Av
j)
A v
k
Ar
k
A
rA
+
δkl − nklA
3rA
Z
k[li]j
A +
δkl − nklA
3rA
Z
k[lj]i
A
)]
−2
3
ǫ7
∂3
∂τ3
∑
A=1,2
[
P τAv
i
Av
j
Ar
2
A
]
+
1
6
ǫ8
∂4
∂τ4
∑
A=1,2
[
P τAv
i
Av
j
Ar
3
A
]
+O(ǫ9). (A10)
We restrict our attention to the equation of motion for two spherical compact stars in this paper, however our
formulation can be extended to an extended body with higher multipole moments, as shown in paper I.
APPENDIX B: DERIVATION OF EQ. (3.31)
In this section, we show a derivation of Eq. (3.31) without using the Dirac delta distribution. The following proof
is essentially due to [60].
Suppose that a two-dimensional surface S surrounds a three-dimensional volume V . Suppose that there is a point
P (~x) and a point Q(~y) both inside of V , and the distance between the two points is r. Thus,
r = |~x− ~y|.
Note that ∇2(1/r) = 0 except for r = 0.
Define a sphere V ′ which is centered at P (~x) and has a radius d that is sufficiently small so that V ′ is enclosed
completely by V . The surface Σ of V ′ divides V into two regions. We call the outer region V ′′.
The Green’s theorem (e.g., [61]) states for a certain function v = v(~x) that∫
V ′′
∇2v(~y)
r
d3y +
∮
S
{
1
r
∂v(~y)
∂yi
− v(~y) ∂
∂yi
(
1
r
)}
dSi
+
∮
Σ
{
1
r
∂v(~y)
∂yi
− v(~y) ∂
∂yi
(
1
r
)}
dSi = 0. (B1)
Note that V ′′ does not include the point P (~x). We assume here that for v(~x) the second derivative with respect to ~x
exists and is continuous in V ′′. In the end of this section, we mention whether this assumption holds for our particular
example, Eq. (3.31).
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The third term can be evaluated as∮
Σ
{
1
r
∂v(~y)
∂yi
− v(~y) ∂
∂yi
(
1
r
)}
dSi = d
∮
Σ
∂v(~y)
∂yi
nidΩ +
∮
Σ
v(~y)dΩ, (B2)
where ni is the outward normal of the surface Σ. If ∂v(~y)/∂y
i is finite in the d→ 0 limit, then the first term is zero
in this limit. Thus, ∮
Σ
{
1
r
∂v(~y)
∂yi
− v(~y) ∂
∂yi
(
1
r
)}
dSi = 4πv(~x), (B3)
in the d→ 0 limit.
In the same manner,
lim
d→0
∫
V ′
∇2v(~y)
r
d3y = lim
d→0
∫
V ′
∇2v(~y)rdrdΩ = 0. (B4)
Then we have ∫
V
∇2v(~y)
r
d3y +
∮
S
{
1
r
∂v(~y)
∂yi
− v(~y) ∂
∂yi
(
1
r
)}
dSi + 4πv(~x) = 0. (B5)
This is essentially Eq. (3.31).
In the particular case of Eq. (3.31), V = N/B. We recall that the stars are completely enclosed by the body
zones BA and thus there exists no matter in N/B. The integrand v(~x) or f(x) and g(x) in Eq. (3.31) have thus no
singularity in N/B even in the point-particle limit. These functions have a smooth second derivative with respect to
~x in N/B.
APPENDIX C: CORRECTION TO THE MULTIPOLE MOMENTS
A natural reference coordinate where we would define multipole moments of a star may be a coordinate in which
effects of its orbital motion and the companion star are removed (modulo, namely, the tidal effect). In other words,
such a natural reference coordinate may be the generalized Fermi coordinate [59], in which the metric is Lorentzian
at ziA(τ). We define the two stars to be spherical in such a coordinate in this paper [30].
In paper II, we defined a multipole moment, which we call the NZC moment in this section, as a volume integral
over the body zone which is spherical in the near zone coordinate (NZC). Then a question specific to our formalism
is whether the NZC moments affect the orbital motion of the stars which are spherical in the generalized Fermi
coordinate (GFC).
At lowest order (O(ǫ0)), the NZC multipole moments and the GFC multipole moments defined as volume integrals
over a sphere in GFC must be the same. For a spherically symmetric star, the NZC moments and the GFC moments
with trace-free operation or antisymmetrization on their indexes vanish at the lowest order. We further assume that
the GFC moments and the NZC moments are zero for a spherical compact star at the lowest order because of its
compactness.
For the mass monopole, we have already obtained the relation between the NZC monopole (the energy) and the
mass via the evolution equation of the energy. Thus, we seek the 1PN correction to the NZC Lth multipole moments
with L ≥ 2 since physically relevant multipole moments appear at 2PN order and we are concerned with the 3PN
equation of motion in this paper. In the following, we compute the corrections which do not include higher order
multipole moments than the energy monopole.
As for construction of GFC, we assume, up to the relevant order here, that the transformation from NZC to GFC
or vice versa takes apparently the same form for a strongly self-gravitating star in which we are interested here and
for a weakly self-gravitating star for which GFC has been constructed in [59]. This is because the construction of the
generalized Fermi coordinate depends on how the star moves, and because the equations of motion for binary stars
take the same form regardless of the strength of the stars’ internal gravity up to 2.5PN order (paper II). An important
difference is that the mass parameter in the transformation from NZC to GFC for the strongly self-gravitating star
includes the strong field effect, as explained below Eq. (3.36).
We now assume the following coordinate transformations from GFC (τˆ , xˆk) to NZC (τ, xk):
yi = ziA(τ) + yˆ
i
A + δy
i(τ, yˆkA), (C1)
τ − τP = τˆ − τˆP + δτ(τ, yˆiA), (C2)
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with
δyi(τ, yˆkA) =
∑
n=1
AiJn(τ)yˆJnA , (C3)
δτ(τ, yˆkA) =
∑
n=0
BJn(τ)yˆJnA , (C4)
where the capital index denotes a set of collective indexes, e.g., AiJn = Aij1···jn . yˆiA = yˆ
i − zˆiA. In Eq. (C1), yˆiA is on
the τˆ = const surface. τP and τˆP are fiducial time coordinates. We assume that A
iJn , BJn = O(ǫ2).
The NZC moments are defined on BA(τP ) which is a sphere centered at (τP ,z
i
A(τP )) with radius ǫRA in NZC, while
the GFC moments are defined on BˆA(τˆP ) which is centered at the same event (τˆP ,zˆ
i
A) in GFC ((τP ,z
i
A(τP )) in NZC)
with the radius ǫRA in GFC. The corrections we shall compute are then
ǫ2l+4−sδIJlµνA ≡ ǫ2l+4−sIJlµνA,NZC − ǫ2l+4−sIJlµνA,GFC, (C5)
ǫ2l+4−sIJlµνA,NZC ≡
∫
BA(τ=τP )
d3yAy
Jl
A (τ)Λ
µν
N (τ, y
i), (C6)
ǫ2l+4−sIJlµνA,GFC ≡
∫
BˆA(τˆ=τˆP )
d3yˆAyˆ
Jl
A Λˆ
µν
G′ (τˆ , yˆ
i), (C7)
where s = 2 for (µ, ν) = (i, j) or 0 otherwise. ΛˆµνG′ (τˆ , yˆ
i) = ΛˆµνG (τˆ , yˆ
i
A).
We now express IJlµνA,NZC using the generalized Fermi coordinate. Note that y
Jl
A (τ) in Eq. (C6) is on the τ = τP =
const surface. A necessary coordinate transformation that relates yiA(τ) on the τ = const surface with yˆ
i
A on the τˆ =
const surface can be obtained by modifying Eq. (C1) using retardation expansion. Up to 1PN order, the result is
yi = ziA(τ) + yˆ
i
A − δ˜yi(τP , yˆkA), (C8)
with
δ˜yi(τP , yˆ
k
A) =
∑
n=1
(
BJn(τP )v
i
A(τP )−AiJn(τP )
)
yˆJnA . (C9)
Using tetrad eµαˆ(τˆ , yˆ
i) = δµαˆ +O(ǫ
2), we have
ǫ2l+4−sIJlµνA,NZC =
∫
B˜A(τˆ=τˆ(τˆP ,yˆiA))
d3yˆA
∣∣∣∣∣∂(y
i
A)
∂(yˆjA)
∣∣∣∣∣
×
l∏
k=1
{
yˆjkA − δy˜jk(τ, yˆiA)
}
×eµαˆ(τˆ , yˆiA)eνβˆ(τˆ , yˆiA)ΛˆαβG′ (τˆ , yˆi)
=
∫
B˜A(τˆ=τˆ(τˆP ,yˆiA))
d3yˆAyˆ
Jl
A Λˆ
µν
G′ (τˆ , yˆ
i), (C10)
where in the last equality we neglected all the corrections that result in the multipole moments of order L′ ≥ L. The
integral region B˜A
(
τˆ = τˆ (τˆP , yˆ
i
A)
)
which corresponds to BA(τ = τP = const) is not a τˆ = τˆP const 3-surface nor
spherical in GFC. In fact, from Eq. (C2),
τˆ (τˆP , yˆ
i
A) = τˆP − δτ(τP , yˆiA). (C11)
Thus we make a retardation expansion around τˆ = τˆP in the integrand. Then to make the slightly perturbed sphere
B˜A (τˆ = τˆP ) into the sphere BˆA (τˆ = τˆP ) with radius ǫRA, we change the integration variable yˆ
i
A into yˇ
i
A. Up to 1PN
order, the transformation may be obtained by inverting Eq. (C8),
yˆi = zˆiA(τˆP ) + yˇ
i
A + δ˜y
i(τP , yˇ
k
A). (C12)
Using Eq. (C11) and Eq. (C12), we simplify Eq. (C10) up to 1PN order as
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ǫ2l+4−sIJlµνA,NZC
=
∫
B˜A(τˆP )
d3yˆAyˆ
Jl
A
{
ΛˆµνG′
(
τˆP − δτ(τP , yˆiA), yˆi
)}
=
∫
B˜A(τˆP )
d3yˆAyˆ
Jl
A
{
ΛˆµνG′ (τˆP , yˆ
i)− δτ(τP , yˆiA)
∂
∂τˆP
ΛˆµνG′ (τˆP , yˆ
i)
}
=
∫
BˆA(τˆP )
d3yˇA
∣∣∣∣∣∂(yˆ
i
A)
∂(yˇjA)
∣∣∣∣∣
l∏
k=1
{
yˇjkA + δ˜y
jk(τP , yˇ
i
A)
}
×
{
ΛˆµνG
(
τˆP , yˇ
i
A + δ˜y
i(τP , yˇ
i
A)
)
− δτ(τP , yˇiA)
∂
∂τˆP
ΛˆµνG′ (τˆP , yˇ
i)
}
=
∫
BˆA(τˆP )
d3yˇA
{
yˇJlA Λˆ
µν
G′
(
τˆP , yˇ
i
)
+ δ˜ym(τP , yˇ
i
A)
∂
∂yˇm
(
yˇJlA Λˆ
µν
G′
(
τˆP , yˇ
i
))
− yˇJlA δτ(τP , yˇiA)
∂
∂τˆP
ΛˆµνG′ (τˆP , yˇ
i)
}
. (C13)
As before, we have discarded terms which end up with multipole moments of order L′ ≥ L. Integrating by parts and
rewriting yˇi by yˆi, we finally obtain a formula for δIJlµνA ,
ǫ2l+4−sδIJlµνA
=
∑
n=1
(
BKn(τP )v
m
A (τP )−AmKn(τP )
) ∮
∂BˆA(τˆP )
dSˆmyˆ
Jl
A yˆ
Kn
A Λˆ
µν
G′ (τˆP , yˆ
i)
−
∑
n=1
BKn(τP )
d
dτˆP
∫
BˆA(τˆP )
d3yˆAyˆ
Jl
A yˆ
Kn
A Λˆ
µν
G′ (τˆP , yˆ
i)
−
∑
n=1
(
BKn(τP )v
m
A (τP )−AmKn(τP )
)
×
∫
BˆA(τˆP )
d3yˆA
∂yˆKnA
∂yˆm
yˆJlA Λˆ
µν
G′ (τˆP , yˆ
i). (C14)
Notice that dzˆiA(τˆP )/dτˆP = 0.
The last two volume integrals in the above equation result in the multipole moments and we neglect them here. As
for the first term, we can evaluate the surface integral to 1PN order explicitly by replacing all the hatted quantities
by those without a hat (and G′ by N). We found that nΛ
µν
N (n ≤ 7) do not contribute for any L. On the other hand,
8Λ
ττ
N for L = 2 and n = 1 in the summation in the first term of Eq. (C14) gives a monopole correction to the 3PN
gravitational field (through the 1PN correction to the quadrupole moment which itself appears at 2PN order in the
field), ∮
∂BˆA(τˆP )
dSˆmyˆ
i
Ayˆ
j
Ayˆ
k
AΛˆ
ττ
G′(τˆP , yˆ
i) =
∮
∂BA(τP )
dSmy
i
Ay
j
Ay
k
AΛ
ττ
N (τP , y
i)(1 +O(ǫ2))
= ǫ8
∮
∂BA(τP )
dSmy
i
Ay
j
Ay
k
A8Λ
ττ
N (τP , y
i) +O(ǫ10)
= −ǫ8 4m
3
A
5
(
δijδkm + δ
kjδim + δ
ikδjm
)
. (C15)
Neither 8Λ
µν
N for L ≥ 3 nor n ≥ 2 contribute to the 3PN field.
The coefficients Amk(τP ) and B
k(τP ) may be read off from the results in [59,62], which are
Bi(τP )v
j
1(τP ) = ǫ
2vi1v
j
1 +O(ǫ
3) (C16)
Aij(τP ) = ǫ
2
(
1
2
vi1v
j
1 −
m2
r12
δij
)
+O(ǫ3) (C17)
for the star A = 1. Thus, the coefficient in front of the surface integral, Eq. (C15), becomes ǫ2(vi1v
j
1/2 + δ
ijm2/r12).
Finally using the coefficients above, we obtain the 1PN corrections of the multipole moments that affect a 3PN
equation of motion for spherical stars (we rename δIijττA by δI
ij
A ),
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δIij1 = ǫ
2
(
−4m
3
1
5
vi1v
j
1 −
2m31v
2
1
5
δij − 4m
3
1m2
r12
δij
)
+O(ǫ3). (C18)
A similar equation holds for the star A = 2 by exchanging 1 ↔ 2 in the above equation. Notice that since the
quadrupole moments at 2PN order is symmetric-trace-free, the last two terms do not contribute to the 3PN field.
The correction δI<ij>1 should appear even when m2 → 0. Not surprisingly, with the correction δI<ij>1 , the 3PN
gravitational field for a single star moving at a constant velocity derived by solving the harmonically relaxed Einstein
equations iteratively agrees with the boosted Schwarzschild metric in the harmonic coordinate up to 3PN order.
It is possible to use Eq. (C14) for the L = 1 case and the result becomes again the 3PN correction to the field (we
again rename δIiττ1 as δD
i
1),
δDi1 = ǫ
4 2m
3
1m2
r312
ri12. (C19)
(In the computation of δDi1, the surface integral with 8χ
τταβ
N ,αβ as the integrand is found to vanish.) However, any
change of the dipole moment amounts merely to a redefinition of the representative point of the star and it causes no
physical effect. In fact, we have not taken into account δDi1 to derive our 3PN equation of motion, Eq. (11.4).
APPENDIX D: RENORMALIZATION OF THE MULTIPOLE MOMENTS
This section explains the “renormalization” of the multipole moments and that the field does not depend on ǫRA.
This is rather trivial, however we show this section for clarity.
We first define a symbol partǫRA F which is the ǫRA-dependent part in an expression F except for the logarithmic
dependence of ǫRA. Correspondingly, we define discǫRA F , which means to discard all the ǫRA-dependent terms in F
other than ln ǫRA. By construction,
F = disc
ǫRA
F + part
ǫRA
F. (D1)
We give an example of discǫRA in Sec. VC.
Now, to derive the field, we study the following Poisson integral for a certain function f(~x). f(~x) is some combination
of Λµν(τ, ~x) and is assumed to be nonsingular in N . For notational simplicity, we do not write time dependence
explicitly in f(~x), ∫
N
d3y
|~x− ~y|f(~y) =
∑
A=1,2
∫
BA
d3y
|~x− ~y|f(~y) +
∫
N/B
d3y
|~x− ~y|f(~y). (D2)
The second volume integral is evaluated with the help of the superpotential g(~x) that satisfies ∆g(~x) = f(~y) in
N/B. Using Eq. (3.31) and expanding the kernel 1/|~x− ~y| around ~yA = ~y − ~zA, we obtain∫
N/B
d3y
|~x− ~y|f(~y) = −
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A
n!r2n+1A
∮
BA
dSky
Kn
A
∂g(~yA + ~zA)
∂ykA
+
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A
n!r2n+1A
∮
BA
dSkg(~yA + ~zA)
∂yKnA
∂ykA
+ · · · . (D3)
Here we only show explicitly the terms which possibly depend on ǫRA, and “· · · ” denotes ǫRA-independent terms.
Thus, using the symbols introduced above, we have∫
N/B
d3y
|~x− ~y|f(~y) = discǫRA
∫
N/B
d3y
|~x− ~y|f(~y) + partǫRA
∫
N/B
d3y
|~x− ~y|f(~y), (D4)
with
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part
ǫRA
∫
N/B
d3y
|~x− ~y|f(~y)
= part
ǫRA

− ∑
A=1,2
∑
n=0
(2n− 1)!!rKnA
n!r2n+1A
∮
BA
dSky
Kn
A
∂g(~yA + ~zA)
∂ykA
+
∑
A=1,2
∑
n=0
(2n− 1)!!rKnA
n!rn+1A
∮
BA
dSkg(~yA + ~zA)
∂yKnA
∂ykA

 . (D5)
For the first volume integral in Eq. (D2), we use the multipole expansion.
∑
A=1,2
∫
BA
d3y
|~x− ~y|f(~y) =
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A IKnA
n!r2n+1A
, (D6)
with
IKnA ≡
∫
BA
d3yAf(~yA + ~zA)y
Kn
A . (D7)
IKnA is the multipole moment of the star A. We simplify here the definition of the multipole moments so that we
omit the scalings on the integrand Λµν(τ, ~x) and hence f(~x). Obviously, this definition is enough to study the ǫRA
dependence in the multipole moments and the field.
IKnA in general depends on ǫRA since the integrand f(~y) is noncompact support. A possible ǫRA dependence in
IKnA may be examined by the following. First, since we are studying the nonsingular sources, we expect that f(~x) is
smooth so that we can assume ∆g(~x) = f(~x) just inside of ∂BA. Thus, the ǫRA dependence in I
Kn
A can be examined
via
IKnA =
∫
in the neighborhood of ∂BA
d3yA∆g(~yA + ~zA)y
Kn
A + · · ·
=
∮
∂BA
dSk
(
yKnA
∂g(~yA + ~zA)
∂ykA
− ∂y
Kn
A
∂ykA
g(~yA + ~zA)
)
+ · · · . (D8)
Here “· · · ” again denotes terms that do not depend on ǫRA.
Using the symbols introduced in this section, we have
IKnA = discǫRA
IKnA + part
ǫRA
IKnA , (D9)
disc
ǫRA
IKnA = discǫRA
∫
BA
d3yAf(~yA + ~zA)y
Kn
A , (D10)
part
ǫRA
IKnA = part
ǫRA
∫
BA
d3yAf(~yA + ~zA)y
Kn
A
= part
ǫRA
[∮
∂BA
dSk
(
yKnA
∂g(~yA + ~zA)
∂ykA
− ∂y
Kn
A
∂ykA
g(~yA + ~zA)
)]
. (D11)
We call IKnA,r ≡ discǫRA IKnA the “renormalized” multipole moments that are independent of powers of ǫRA by definition
of discǫRA .
It is clear that the ǫRA dependences in the multipole moments Eq. (D11) cancel out those of the N/B contribution
shown as the first and the second terms in Eq. (D3). In conclusion, we find that we can discard (or neglect) all the
ǫRA-independent terms other than ln ǫRA terms when we compute the field,
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∫
N
d3y
|~x− ~y|f(~y) =
∑
A=1,2
∫
BA
d3y
|~x− ~y|f(~y) +
∫
N/B
d3y
|~x− ~y|f(~y)
=
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A IKnA
n!r2n+1A
+
∫
N/B
d3yf(~y)
|~x− ~y|
=
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A IKnA,r
n!r2n+1A
+ disc
ǫRA
∫
N/B
d3yf(~y)
|~x− ~y|
+
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A
n!r2n+1A
part
ǫRA
IKnA + part
ǫRA
∫
N/B
d3yf(~y)
|~x− ~y|
=
∑
A=1,2
∑
n=0
(2n− 1)!!r<Kn>A IKnA,r
n!r2n+1A
+ disc
ǫRA
∫
N/B
d3yf(~y)
|~x− ~y| . (D12)
In the main body of this paper other than this section, we write IKnA,r as I
Kn
A and omit the symbol discǫRA in front of
the Poisson integral overN/B for notational simplicity and from triviality of the fact that the total field is independent
of ǫRA. As an exception, we write discǫRA in Secs. V and IX to make our discarding ǫRA procedure clear.
Finally, we mention that it is straightforward to extend the arguments here to show that the cancellation of ǫRA
terms between the body zone contribution and the N/B contribution occurs for any retarded field, that is, n ≥ 1
terms in Eq. (3.10).
APPENDIX E: χ PART
We derive the functional expressions of PµAχ on mA, v
i
A, and r
i
12. Here we defined P
µ
Aχ as
PµAχ ≡ ǫ−4
∫
BA
d3yχµταβN ,αβ . (E1)
By the definition of χµναβN ,αβ ,
16πχτταβN ,αβ = (h
τkhτl − hττhkl),kl,
16πχτiαβN ,αβ = (h
ττhik − hτihτk),τk + (hτkhil − hτihkl),kl,
thus we can obtain the functional expressions of PµAχ using Gauss’ law. In fact, up to 3PN order, the definition of
P τAχ gives
P τ1χ = ǫ
4m1m2
3r12
[
4V 2 +
m2
r12
− 2m1
r12
]
− ǫ5 2
3
m1
(3)Ikorbk
+ ǫ6
m1m2
r12
[
−2m
2
1
3r212
− 5m1m2
r212
+
m22
r212
+
m1
r12
(
14
5
v21 +
11
3
v22
− 22
3
(~v1 · ~v2)− 2
5
(~n12 · ~v1)2 + 20
3
(~n12 · ~v1)(~n12 · ~v2)− 4(~n12 · ~v2)2
)
+
m2
r12
(
197
30
v21 +
19
3
v22 −
38
3
(~v1 · ~v2) + 2
15
(~n12 · ~v1)2 − 2
3
(~n12 · ~v1)(~n12 · ~v2)
)
+
22
15
v41 +
34
15
v21v
2
2 +
4
3
v42 −
44
15
v21(~v1 · ~v2)−
8
3
v22(~v1 · ~v2) +
8
15
(~v1 · ~v2)2
− 2
3
v21(~n12 · ~v2)2 −
2
3
v22(~n12 · ~v2)2 +
4
3
(~v1 · ~v2)(~n12 · ~v2)2
]
+ O(ǫ7). (E2)
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P τAχ of O(ǫ
6) affects a 3PN equation of motion only through the field 10h
ττ .
The dipole moment and QiA integral of the χ part give a nonzero contribution starting from 3PN order in the
momentum-velocity relation,
Di1χ = ǫ
4 175m
3
1m2
18r312
ri12 +O(ǫ
5), (E3)
Qi1χ = ǫ
6m
3
1m2
6r312
(
−73n
<ij>
12 v
j
1
5
+ 11n<ij>12 v
j
2
)
+O(ǫ7). (E4)
Here again, we used Gauss law to derive Di1χ. On the other hand, we evaluate P
i
Aχ directly from the definition of the
P iAχ using Gauss law and found that
P iAχ = P
τ
Aχv
i
A +Q
i
Aχ + ǫ
2
dDiAχ
dτ
+O(ǫ7) (E5)
is an identity up to 3PN order. Thus, the representative point of the star is defined with the Θ part of the momentum-
velocity relation, not with the χ part.
Finally, by evaluating the surface integrals in the evolution equation,
dPµAχ
dτ
= −ǫ−4
∮
∂BA
dSkχ
µkαβ
N ,αβ + ǫ
−4vkA
∮
∂BA
dSkχ
µταβ
N ,αβ , (E6)
we found that the resulting equations for dPµAχ/dτ are consistent with the explicit expressions of P
µ
Aχ directly obtained
from their definitions, Eqs. (E2) and (E5), as expected.
APPENDIX F: LANDAU-LIFSHITZ PSEUDOTENSOR EXPANDED IN EPSILON
The Landau-Lifshitz pseudotensor [53] in terms of hµν which satisfies the harmonic condition is as follows.
(−16πg)tµνLL = gαβgγδhµα,γhνβ,δ +
1
2
gµνgαβh
αγ
,δh
βδ
,γ − 2gαβgγ(µhν)α,δhδβ,γ
+
1
2
(
gµαgνβ − 1
2
gµνgαβ
)(
gγδgǫζ − 1
2
gγǫgδζ
)
hγǫ,αh
δζ
,β. (F1)
We expand the deviation field hµν in a power series of ǫ;
hµν =
∑
n=0
ǫ4+nn+4h
µν .
Using this equation, we expand tµνLL in ǫ.
Here we only show 10[−16πgtµνLL]. See paper II for ≤9[−16πgtµνLL]. Note that all the divergence such as hµk,k in
paper II should be replaced by −hµτ ,τ consistent with the following results. This is simply because it is practically
much easier to use hµτ ,τ than −hµk,k,
10[−16πgtττLL]
= −7
4
4h
ττ
,k8h
ττ,k +
1
4
4h
ττ,l
6h
k
k,l − 4hττ ,k6hτk,τ + 24hτk,l6hτ (k,l)
−3
4
4h
ττ
,τ 6h
ττ
,τ +
7
4
4h
ττ
4h
ττ
,k6h
ττ,k − 4hτk,τ 6hττ ,k + 1
4
4h
k
k,l6h
ττ,l
−7
8
6h
ττ
,k6h
ττ,k +
1
4
4h
ττ
,τ 4h
k
k,τ + 4h
τk,l
4hkl,τ
+
1
4
4h
kl,m
4hkl,m − 1
2
4h
kl,m
4hkm,l − 1
8
4h
k
k,m4h
l
l
,m
+
1
4
4h
τk
4h
ττ
,τ 4h
ττ
,k +
7
8
4h
kl
4h
ττ
,k4h
ττ
,l − 7
8
(4h
ττ )24h
ττ
,k4h
ττ,k +
7
8
6h
ττ
4h
ττ
,k4h
ττ,k
−24hτk4hττ ,l4hτl,k − 3
2
4h
τk
4h
ττ,l
4h
τ
k,l, (F2)
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10[−16πgtτiLL]
= 24h
ττ
,k8h
τ [k,i] +
3
4
4h
ττ,i
8h
ττ
,τ + 24h
τ [k,i]
8h
ττ
,k +
3
4
4h
ττ
,τ 8h
ττ,i
−1
4
4h
ττ,i
6h
k
k,τ − 1
4
4h
ττ
,τ 6h
k
k
,i + 24h
τ
k,l6h
k[i,l]
−4hτi,k6hτk,τ − 4hτk,τ 6hτi,k + 24hττ 4hττ ,k6hτ [i,k]
+24h
k[i,l]
6h
τ
k,l + 26h
ττ
,k6h
τ [k,i] − 3
4
4h
ττ
4h
ττ,i
6h
ττ
,τ − 1
4
4h
k
k
,i
6h
ττ
,τ
+
3
4
6h
ττ,i
6h
ττ
,τ
−3
4
4h
ττ
4h
ττ
,τ 6h
ττ,i +
1
4
4h
τi
4h
ττ,k
6h
ττ
,k − 1
2
4h
τ
k4h
ττ,(i
6h
|ττ |,k) + 24h
ττ
4h
τ [i,k]
6h
ττ
,k
−1
4
4h
k
k,τ 6h
ττ,i − 1
2
4h
kl,i
4hkl,τ + 4h
ki,l
4hkl,τ +
1
4
4h
k
k
,i
4h
l
l,τ
−3
8
4h
τi(4h
ττ
,τ )
2 − 3
4
4h
ik
4h
ττ
,τ 4h
ττ
,k +
3
4
(4h
ττ )24h
ττ
,τ 4h
ττ,i − 3
4
6h
ττ
4h
ττ
,τ 4h
ττ,i
−1
4
4h
τi
4h
ττ
4h
ττ
,k4h
ττ,k +
1
8
6h
τi
4h
ττ
,k4h
ττ,k +
1
2
4h
ττ
4h
τk
4h
ττ
,k4h
ττ,i
−1
4
6h
τk
4h
ττ
,k4h
ττ,i +
1
2
4h
τk
4h
τ
k,τ 4h
ττ,i − 4hik4hττ ,l4hτl,k + 2(4hττ )24hττ ,k4hτ [k,i]
−26hττ 4hττ ,k4hτ [k,i] + 4hτi4hτk,l4hτ [l,k] +
1
2
4h
τ
k4h
ττ
,τ 4h
τk,i
+24h
τk
4h
τ
k,l4h
τ [l,i] + 24h
τk
4h
τ
l,k4h
τ [l,i] + 4h
τk
4h
ττ
,τ 4h
τi
,k + 4h
kl
4h
ττ
,k4h
τi
,l
+
1
4
4h
τi
4h
ττ,k
4h
l
l,k − 1
2
4h
τ
k4h
l
l
(,k
4h
|ττ |,i) + 24h
τ
k4h
ττ
,l4h
k[l,i], (F3)
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10[−16πgtijLL]
=
1
4
(δikδ
j
l + δ
j
kδ
i
l − δijδkl)
{
4h
ττ,k(10h
ττ,l + 8h
m
m
,l + 48h
τl
,τ ) + 84h
τ
m
,k
8h
τ [l,m]
}
+24h
τi
,k8h
τ [k,j] + 24h
τj
,k8h
τ [k,i] − 3
4
δij4h
ττ
,τ 8h
ττ
,τ
+
1
4
(δikδ
j
l + δ
j
kδ
i
l − δijδkl)
(
6h
ττ,k + 4h
m
m
,k − 24hττ 4hττ,k + 44hτk,τ
)
8h
ττ,l
+
1
4
δij4h
ττ
,τ 6h
k
k,τ − (δikδj l + δjkδil − δijδkl)4hτm,k6hlm,τ
+
1
4
(δikδ
j
l + δ
j
kδ
i
l − δijδkl)
(
6h
ττ,k − 4hmm,k − 4hττ4hττ,k
)
6h
n
n
,l
+(δikδ
j
l + δ
j
kδ
i
l − δijδkl)
(
1
2
4h
mn,k
6hmn
,l − 4hmk,n6hmn,l
)
+24h
k[i,l]
6h
j
k,l + 24h
k[j,l]
6h
i
k,l
+(δikδ
j
l + δ
j
kδ
i
l − δijδkl)(6hττ,k6hτl,τ − 4hττ 4hττ,k6hτl,τ ) + 24hτ(i,|τ |6hj)τ ,τ
−(δikδj l + δjkδil − δijδkl)4hkm,τ 6hτm,l
+(δikδ
j
l + δ
j
kδ
i
l − δijδkl)
(
4h
ττ
4h
τ
m
,k
6h
τm,l − 4hττ 4hτk,m6hτm,l + 1
2
4h
τ
m4h
ττ,k
6h
τm,l
)
+24h
ττ
4h
τ [i,k]
6h
τj
,k + 24h
ττ
4h
τ [j,k]
6h
τi
,k
+
1
8
δij6h
kl
4h
ττ
,k4h
ττ
,l +
1
8
6h
ij
4h
ττ
,k4h
ττ,k − 1
2
4h
ττ
,k4h
ττ,(i
6h
j)k
+
1
4
(δikδ
j
l + δ
j
kδ
i
l − δijδkl)(26hτm4hττ,k4hτm,l − 6hτk4hττ ,τ 4hττ,l)
+δij6h
τk,l
6h
τ
[k,l] + 26h
τk,(i
6h
j)τ
,k − 6hτk,i6hτ k,j − 6hτi,k6hτj,k
+
1
4
δij
(
24hkl4h
τk,m
4h
τl
,m − 24hkl4hτm,k4hτm,l + 4hkl4hττ ,k6hττ ,l − 4hττ4hkl4hττ ,k4hττ ,l
)
+
3
8
4h
ij(4h
ττ
,τ )
2 − 1
4
4h
ττ
4h
ij
4h
ττ
,k4h
ττ,k + 4h
ττ
4h
ττ
,k4h
ττ,(i
4h
j)k + 4h
ij
4h
ττ
,k4h
τk
,τ
−4hij4hτk,l4hτ [k,l] + 4hkl4hτi,k4hτj,l − 4hkl4hτk,i4hτl,j
+24h
ki
4h
τ [l,j]
4h
τ
l,k + 24h
kj
4h
τ [l,i]
4h
τ
l,k − 24hk(i4hj)τ ,τ 4hττ ,k
+
1
4
4h
ij
4h
ττ
,k6h
ττ,k − 1
2
4h
ττ
,k6h
ττ,(i
4h
j)k − 1
2
6h
ττ
,k4h
ττ,(i
4h
j)k
+δij
(
24h
τ
k4h
τ
l,m4h
k[l,m] − 1
2
4h
τ
k4h
τk,l
4h
m
m,l − 1
4
(4h
ττ )24h
ττ,k
4h
l
l,k
+
1
4
4h
τk
4h
ττ
,τ 4h
l
l,k
)
+δij
(
1
4
4h
ττ
4h
l
l,k6h
ττ,k +
1
4
6h
ττ
4h
l
l,k4h
ττ,k
)
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−1
2
4h
ττ
,τ 4h
k
k
,(i
4h
j)τ +
1
2
(4h
ττ )24h
k
k
,(i
4h
|ττ |,j) − 1
2
6h
ττ
4h
k
k
,(i
4h
|ττ |,j)
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τ
k4h
l
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,(i
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τk
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τk
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τk
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τ [l,i]
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j
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2
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k
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4
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8
(4h
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8
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,k
− 3
4
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4
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4
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+
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4h
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4h
τ
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4h
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4h
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4h
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+
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4h
l
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l
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2
4h
ττ
,k4h
l
l
,(i
4h
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1
2
4hkl4h
ττ,(i
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|kl|,j)
−4hik,τ 4hjk,τ − 1
2
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,τ 4h
ττ,(i
4h
j)τ − 1
2
4h
ττ
,τ 6h
ττ,(i
4h
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3
2
(4h
ττ)24h
ττ,(i
6h
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2
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ττ
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ττ,i
6h
ττ,j. (F4)
APPENDIX G: SUPERPOTENTIALS
Here we list useful superpotentials. Below, f (m,n) satisfies ∆f (m,n) = rm1 r
n
2 . Similarly, ∆f
(m;ln,n;ln) =
rm1 r
n
2 ln r1 ln r2. The appendix in [33] gives a greatly useful list of superpotentials including f
(lnS), f (1,1), f (−1,1), and
f (3,−1). Other useful superpotentials are given in [28,40],
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f (−2,2) =
r21
6
+
1
3
(−r21 + 2r212 + r22) ln r1,
f (−3,−3) =
1
r312r1
ln
(
S
r1
)
+
1
r312r2
ln
(
S
r2
)
− 1
r212r1r2
,
f (−3,−2) =
1
r1r212
ln
(
r2
r1
)
,
f (−3,−1) =
1
r1r12
ln
(
S
r1
)
,
f (−3,0) =
− ln r1
r1
,
f (−3,1) = −r2
r1
+ lnS +
r12
r1
ln
(
S
r1
)
,
f (−4,−3) =
1
2
∆11f
(−2,−3),
f (−4,−1) =
r2
2r21r
2
12
,
f (0;ln,0) =
1
6
r21 ln r1 −
5
36
r21 .
An example below shows how we construct superpotentials from simpler ones,
f (6,−2) = −6f (0;0,4;ln) − 3f (2,2) + 24r
2
12
7
f (0;0,2;ln) − 24r
2
12
7
f (2;0,0;ln) +
6r212
7
f (4,−2)
+
r61
14
− 3
35
r212r
4
1 +
3
70
r212r
4
2 −
r62
49
+
r61
7
ln r2 − 3
7
r41r
2
2 ln r2 +
3
7
r21r
4
2 ln r2,
which is computed from f (0;0,4;ln), f (2,2), f (0;0,2;ln), f (2;0,0;ln), and f (4,−2). They are
f (0;0,4;ln) =
1
42
r62 ln r2 −
13
1764
r62 ,
f (2,2) = − r
6
1
84
+
1
70
r41r
2
12 +
1
28
r41r
2
2 ,
f (0;0,2;ln) =
1
20
r42 ln r2 −
9
400
r42 ,
f (2;0,0;ln) = − 7
200
r41 +
1
60
r21r
2
12 −
7
180
r212r
2
2 +
1
80
r42 +
1
10
r21r
2
2 ln r2 +
1
15
r212r
2
2 ln r2 −
1
20
r42 ln r2,
f (4,−2) =
1
5
r41 ln r2 −
1
25
r41 +
4
5
r212f
(2,−2) − 4f (2;0,0;ln).
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